Lecture #13

Self-consistent fields

Hartree-Fock equations: He-like systems

Chapter 3, pages 61-77, Lectures on Atomic Physics




Z=2: He

He-like systems Z=3: Li

1 Z=4: Be™™"
H(x,,1,) = hy(r,) + hy (r,) +—

& Coulomb repulsion
hy (r) = _lVZ _Z between two electrons

r

hy,(r)=€Y,(r)  Solutions: Coulomb (H-like) wave functions

1
anm(r):;ﬂz(”)Yzm(@,@ < Qne-electron wave functions

H(r,r,)¥Y(,r,)=E¥(r,r,)

B (r)= 27" e

lsls( )__71__ (I’)— ls(r)\/_{‘//27/ /2>_‘/2 Aa//>}

AN

Two-electron ground state wave function



Derivation of Hartree-Fock
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Derivation of Hartree-Fock
equation for 1s orbital

1 ‘ r. and r. are lesser

b lIJ1s1s> and greater of r,, r,
12
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Isls

Y Y .00, 09
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The spherical harmonics are orthonormal on the unit sphere:

[aqy, ©6.9¥,,(6.9)=5,0,

Therefore: _.-dﬂlY,; (8,,8)Yy, = 0,49,, and only one term k=0 g=0
contributes from the sums over k and q for 1s1s integral.
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Derivation of Hartree-Fock
i equation for 1s orbital

1 r, is the greater of r,, r,
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v,(s,7) :jd’”z Plz(FZ)r_ <«—— New designation
0
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This is a potential at r; of a spherically symmetric
charge distribution with radial density P> (r).
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Put it all together

Elsls — <‘{Ilsls
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\P1s1S>:1 — le:J.drpli(r)zl €«
0
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2
] — 2—Z Plf (r)+v,(s, r)Pli (r)
r

Normalization
condition

Variational principle: we require that energy be stationary with respect to
variation of the radial function subject to normalization constant.

5(E1sls _ZNIS) = O

N\

Lagrange multiplier



HF equation

5B, (0)= P, (=) =0
dP,
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HF equation

0 2
O(E,, —AN,, )= 2j dr{— d P“Z(r) — 2rZ P _(r)+2v,(ls,r)P _(r)— AP, (r)} OP (r)
0

dr

1P (1) Z HF equation
- d;sz - P (r)+v,(s,r)P (r)=¢& P (r) | for 1s orbital

Just the radial Schrodinger equation for a particle
with =0 moving in a potential

V(r)= —£+ v,s,r)
r



HF equation: solution procedure

2
LARW _Zp () su,1s.0B,(r) = £,P, ()
2 dr r

1. Pick a function P, (r) which is our best known approximation to 1s wave
function (screened Coulomb wave function with effective charge )

RN =25"re ", B~

P 1
2. Use it to calculate the potential v,(Is,7): U,(ls,r) =Idi’2 Pﬁ(f’z)r—
3. Substitute this potential to HF equation and solve it for P..and 81;.
4. Now use our new wave function to evaluate to potential V,(ls,r) again.

5. Repeat until &, converges (equation is solved iteratively).

() _ pln-1)
Convergence ____, 5_¢& —¢

parameter £

= €™ energy after iteration n
—



Back to the calculation of
total energy

lteration of &,,: energy converges to 10 digits after 18 iterations ¢,,=-0.9179 a.u.

Elsls — <‘{Ils1s

1
hy (x,)+ h, (r,) +r—\‘1‘ms> =(1s|2h, +v,(Ls,r)|Ls)

12

=2¢, —(ls|v,(Is,r)|ls) = —2.861a.u.=—77.8 eV

The improvement is small for He but it is the best which can be obtained
within the framework of Independent-particle approximation.



HF equations for closed
shell systems

+




Why do we need approximation
methods?

H(r,r,,...,ry) = Zh(r)+ Z—

l-'/—'_] l]

H(,r,,...,r,) Y, r,,...,x, ) = E¥(r,r,....1y)

Why do we need approximate methods?

Lets take an iron atom. It has 26 electrons: wave function ¥(r,,r,,...,r, )
depends on 3x26 =78 variables.

Using a grid of only 10 points we need 1078 numbers to tabulate
iIron wave function!

This is larger than the estimated number of particles in the Solar system!

This is why approximations to “exact” solutions and the methods of improving
accuracy of these solutions are of such interest.



Independent-particle approximation

H(K;, Ty, . Ly ) = Zh<r>+ Z =H, +V

l-_/—'] l]

) I add and subtract 2 i T

Why? To have better lowest order and smaller V.

H,(r.r,,..., i (r)+ZU(r V(r,5,,....ry) == Z——ZU(r
R

Note: we redefined our lowest order and our lowest
order wave functions are solutions of Ay (r)=€y ().

What are our indices a ? » Full set of quantum numbers which
defines orbital a. For example:
Lowest order energy a=(n,l,m 1)
E) =g +¢& +...+€,



Matrix elements
How to evaluate matrix elements of H, and V?

N N 1 1 N
H,(r,r,,...,ry) :Zho(ri)+ZU(ri) V(r,r,,....,ry) =§ZF——ZU(I;)
i=1 i=1

' izj lj =l
T T p ]

one-body matrix elements

two-body matrix element

ZU(ri)

Need to evaluate:

<\Pab...n ihO (ri)‘LPab...n> <\Pab...n

1 1
<‘Pab...n EZ_ ‘Pab...n>
— i# ] }’;] —

T t same sets of indices

\Pab...n>




System of N particles:
i many-particle operators

One-particle operators N

N
F = (r) [
;f Example: H = Zhi
i=1

Lets designate our Slater determinate functions ¥, .,
How to evaluate the corresponding matrix elements?

N
v I\ FIY — ' If the sets of indices {a’'b’...n"} and {ab...n}
< a'b'...n ‘ ‘ ab...n> zfu are the same.

iI=a

L. =(alf]b) = [d*rylm) f )y, x)




(¥

System of N particles:
many-particle operators

Zg( N Two-particle operators
2i; K Example: _Z_

l-'/—'] l]

1

a'b'...n

23 are the same.

8ua =(ab|g|cd) = [d'n [d*r, ) (x)W (r,) 8 (1) ¥, (5 W, (x,)

"G‘\Pab...n> = —Z(gijij — gijji) If the sets of indices {a’'b’...n'} and {ab...



Matrix elements
How to evaluate matrix elements of H, and V?

F=Yra) (Yo ¥ )=2 1,

1 1
G=§Zg(f;-,-) (¥ op..n |G W . .n>:§Z(gzﬁj‘gwi)
I# ]

i,

LPab...n> = i(ho )ii

N N
;U(ri) ‘Pab...n> = ;Uii

1 1 1
EZ_ LPab...n> = EZ(gijij _gijji)

izj T i ;

<‘Pab...n

<‘Pab...n

<‘Pab...n

> hy(x)

Coulomb matrix elements



Helium He: 1s°
Beryllium Be: 1s°2s’
Neon Ne: 1s°2s°2p°

Magnesium Mg: 15s°25°2p°3s”
Argon Ag: 1s*2s°2p°3s°3p°
Calcium Ca: 1s°2s°2p°3s°3p°4s’

Closed-shell systems: He, Be, Ne, ...



Closed-shell systems: He, Be, Ne, ...

Lets use the following designations again: sum over core (closed-shell orbitals)
Is designated by the indices from the beginning of the alphabet: a,b,c,d ...

N

Z(ho )ii = Z(hO )aa

<\Pab. ) i hO (ri ) ‘ LPab. . n>

i=1 a

N
<\Pab...n ;U(ri)‘q’ab...n>=;l] ZUaa
1 1 1 1
<‘Pab...n E;r_‘\yabn> = EZ(gijij o gijji) = Ezb:(gabab o gabba)
1] tij l,] a
Sum over a means sum over the entire set of Z = Z
quantum numbers of all the core electrons a ng lg mg tg

For example, Be: n,l, :(1s,2s)



Closed-shell systems: He, Be, Ne, ...

Ec(lg>n = <Tab...n HO ‘\Pab...n> = Z(ho )aa T ZUW

a

1
. V‘LPab...n> = EZ(gabab _gabba)_zUaa

ab a

1
Eab...n — Z(hO )aa +Ezb(gabab o gabba)

Note: our lowest-order eigenvalues ¢, and eigenfunctions are solutions of
hy (ry=cy (r) h=h+U(r)

and not of the iy, (r) =€ (r).
1 :
Vo 06)=—P,, ()Y, (8:0) 2, ()

l



What do we need to calculate
to derive HF equations?

We already have the expression B Z %( abab ~— 8 abba)
for the energy:
Normalization condition: N nl,ml, _[ darpb n,l, B ml, — 5”01”[9

0

(radial functions with the same
value of [ are orthonormal)

Variational principal 2 =0
. - la npl
(We introduce Lagrange multipliers A naml, tata-ltbla ”ala’”bla

to accommodate normalization constrains).

1. Need to calculate: D,(m) » D &8s 2. Sabba:
ab ab

a

2. Apply the variational principal. <



1. Evaluation of Zal(ho)aa

(Remember radial

. 2P Schrodinger equation
(hy) 0 = j drP , {—l ”2“1“ + la Uy jl) P, —an z ] for a particle with
0 2 dr 2r %) angular momentum 1)

> ap .\
= [ar 5| e | pfala XD pr Zpr o)
p 20 dr 2r aa.p T@d

(integrating by parts)



2. Evaluation of > g, and > g...
ab ab

Lets obtain the general expression for the Coulomb matrix elements

Jd.p.q ANd then calculate z 8 .pap &N Z 8 abba
ab ab

Note: we derived it in the previous lectures.

1
Sua = | A1 [ & YL@ (1) =Y (), ()
2

1

1
The functions y are given by ¥, (r)=—P, (r)Y, (6,9)
r



Coulomb matrix element

The 1/r12 can be expanded as

=Y Z ,(6.0)Y,,(6,.0,)

’iz k=0

This expression may be re-written using C-tensors defined by

oo | 4m
“ = e
eI

12 ‘l‘ —l“ k=0

Y, (0.9)

k

r

Z( D? CE(7) CE (7)




Coulomb matrix element

We now substitute the expressions for y and 1/r,, back into our matrix
element and separate drand dQ integrals

1 oo
P Z Z( D* C, (7)) CZ,(7) %zm(r)—— (1Y,,,(6,0)
| k=0 I3
v 1
Suea = [ 4’13 [ &, W (6 (1) — v, (1), (x;) R, (abcd)

12
> r rt / radial
Z j B (1) nblb(i’) e b (r)Pdld (r,) integral
0

k=0

O'-—a8

xY (- | [dQyY,, (6.4)C" 6.4)Y,, 6.4) || (I,m,|C"

)

[dQ.y,,, 0.¢)C" 0.0V, 0.0 (1m, ct,|Lm,)




i Coulomb matrix element

k
(j q

o0 k
8oy = ZRk (abcd) z (—1)? <lama lcmc><lbmb ‘Ck_q‘ldmd>
k=0 q=—k

Next, we use Wigner-Eckart theorem for both of the matrix elements:

*lama *lbmb

) k
ua = O R(abed) > (=1)? _ _ (N (ot VYO feud 1
k=0 g=—k kq k-q
l.m, l,my
*lbmb *lbmb
We use - =(-D"? _ >—  Note: kand g are integers
k-q kq
l,my l,my




Coulomb matrix element

Al Ab

¥

6 =S R(abed)Y (-1} _ = ]t n) et
k=0 4=k kq 4
Lm LMy
o *Zama *lbmb
:i (=D R, (abed) (1, | ) | ey - 21
- l.m, l;my

*Zama *lbmb

gabcdzi(—l)k - > + R(abed) (1, |C|L){4, |CH|L,)
k=0

lm, lymy




(non-relativistic case)

i Summary: Coulomb matrix element

*lama *lbmb

gabcdzi(—l)k _ )k + R (abed)(L|C*|1.){,|C*| L)
k=0

l.m, l,m,

R, (abed) = j dr, j dr, B, ()P, (1)~ 5 P, (B, (1)

>

k 1A Lk
(L]cH L) =D J(211+1)(212+1)[0 ) oj

(L|cHn) =0 |ct|n)

Note: |, +k+1, 1s an even integer



i 2a. Evaluation of Zb:gabab‘
*lama *lbmb

8 abab zg(_l)k - f * Rk(abab)<la HCkHla><lb HCkHlb>

LMy L,m,

Lets sum over m, and u..:
b ub *lama *lbmb

v = 0, 2D = —>— + R(abab)(l,|C*|L) (1, |C*|1,)

mply, k=0 k

LMy L,m,

Sum over u, gives a factor of 2. _ |2+ 5.
/’ 21, +1

:i(_nk ol +® R, (abab)(L,||C* 1,1, ] C*||4,)
k=0




i 2a. Evaluation of Q. &.s.-

(t|c|f)y =~2r+1

20 +1
m%;b gabab — 2 2124‘1 RO(abab)<la CO la><lb HCOHIb>
21 +1
=2 |=t— 21, +1/2], +1 R (abab) = 2(2l, + )R, (abab)

21 +1

P 1
Ry(abab) = [dr, [dr, P, , ()P, (1)—P,, ()P, (1)
0 0 >



+

(o ]

Z gabba — Z Z(_l)k+la+lb+k _

my, Hp, mpty k=0

2b. Evaluation of D 8.,
*Zama

l.m,

(t|eta) =0t G et]i)

>—{ + R (abba)(l HC"HZ

L,my,

Note: | +k+1, 1s an even integer

k

Y

lL,m,

_ N k+l,+1
- Z5ﬂaﬂb D bJ

k=0 Y
1

Z 8 abba

my, iy,

1
L e o 20+
_ o Rk(abba)<leC"Hla>2
L, *
\\Ck\\l

sl

=0

R, (abba)

et



i Summary

2
 (1(db, Y La,+) ., Z .,
(M) gq =1(n,1,)= | dr _E a“j B = B
" -([ 2 dr 21"2 r

D s =2(21, + DR, (abab)

mp
> Guna = i H R, (abba)
iy Uy k=0

1
Eab...n — Z(h() )aa +52(gabab o gabba)

a ab



Putting it all together
) e +lZ(gabab - gabba)

Alaklb
- ZZZZ( abab_gabba) /
ngly ma/ua na a Makla Mply mp
e _ <lb Hck la>2 )
— 21 +1 — >
v maﬂa”(n“l“H%,‘;( ot )[Ro(abab) kZ; 2 (2 +1)(2, +1) | 40P
N— g

—

Does not depend on m_, |1, SO we can sum
over these indices by multiplying by
2(21,+1)

Zz(zz +1){I(n l )+Z(2z +1)(R (abab) - ZAI o, R (abba)j}

a nb b



Summary

L= 2(2, +1){I(nl )+ (21, +1)Z(R (abab)— ZAZ o, R (abba)j}

ngl, T nplp
— bHCk la _1 la k1
Wkb (21 +1)(21,+1) 210 0 0

= | 1(dP ’ [ (I +1
I(nala):jdr —E ”ala) + a(a:’ )e;la—gejl,a
g 2 dr 2r r

Ny =|drBy P =6
0

1y, la Nalth

[ Z nala nbla l’lala,l/lbla j = O
T

nnba

This expression must be stationary
with respect to variations ¢ P, (r).



Some designations

Zz(zz +1){I(n L)+ (2l +1)(R (abab) - ZAI o, R (abba)j}

Naly nply

R, (abab) = j dr P*(r) j dr, P2 (r,) - = j drP*(r)v, (b, r)
0 K 0

>

. J/

Uo(b,1)

Note designations for indices a and b: index a labels an orbital
with n=n, and l=l, b={n,,l,} now. For example 1s, 2s, 2p, ...

k

k+1

R, (abba) = j dr, P (r)P, () j dr, P, (r,)P. (r,)—=
> P,(r)= Pnala (r)

Uk (baaarl)

= [dr P, ("B, (v, (Bya,r) NOTE v, (a,a.r) = v, (a.r)



i Our formula with new designations

nala nblb

E, =Y 22+ %I(nala) +> (21, + 1)(R0(abab) — iAla R (abba)j}

o 2
:Zz(zla+1)jdr[l(dPaj +la(la;|-1) Paz_gpaz
= p 2\ dr 2r r

+(21, +1)Z(Paz(r) v,(b,r) —iAl . B (r)B, (r)v, (b,a,r)jj
b o



HF equations for closed-shell systems

nany la

o Eab...n o Z Z’nala,nbla Nnala,nbla j =0

gnala aplg ﬂ’nala Nplg /(4la + 2)

Ea = gnala Nglg — ﬂ“nala Nalg /(4la + 2)
NEEO Wt p ) Zp
2 dr’ 2r’ r

+Z(4zb +2)(u0 (b,r)P. (1) —ZAla e, Ve (b,a, 1), () j
£ P (r)+ Z £

n,#n,

nbl (r)

naly .nply




HF equations for closed-shell systems
Example: He atom: 1s?

1/2 for k =0

a=ls, b=ls, Alaklb = Aoko _{O for k+0
Line2: Z(4lb+2)(v0(b, NP (r) =2 A, 1 Ve(b.a,nP, (r)j
b k

= 2(1}0 (1s,r)B (r) —Ala o1, Vo (Is,1s,r)P, (7) ) = 2(1}0 (1s,r)B. (r) _%Uo (1s,r)B, (r) j

=v,(s,r)P (1)

1d’P (r) Z
LD 2R (40,15, 0R, () =€, B,

(Just as we obtained earlier).



HF equations for closed-shell systems
Example: Be atom: 1s? 2s?

1/2 fork=0

a:1S,2S b:1S,2S Alaklb:AOk():{() f()r k+0

HF equation for 1s orbital (a =1s, b=1s,2s)

Line?2: Z(4lb+2)(vo(b, r)P. (r) —ZA,a «, Ve (b,a, TP, (r)j
b k

= Z(UO (Is,r)P (r)+v,(2s,r)B (r) —%UO (Is,1s,r)B (r) —%UO (2s,1s,r)P, (1) j

=v,(s,r)P (r)+2v,2s,r)B, (r) —v,(2s,1s,7)P, (1)

_l dzPIS (I") +
2 dr’

{_Z +0, (15, 7) + 20, (25, r)} P, (r) —v,(25,15,r)P, (r)
r

— gls})ls (I") + gls,2s})25 (7")




HF equations for closed-shell systems
Example: Be atom: 1s? 2s?

HF equation for 2s orbital (a =2s, b =1s,2s)

Line2: Y (4, +2)(v0(b, NP, (r) =3 A, v.(b,a, 1P, (r)j
b k

= 2(1}0 (s,r)P, (r)+v,(2s,r)P, (r) —%UO (1s,2s,r)P, (1) —%UO(ZS, 2s,r)P, (r) j

=2v,(s,r)P, (r)+v,(2s,r)P, (r) —v,(s,2s,r)B (1)

1d°P (1) N
2 dr’

{—§+ 2v,(1s,r) +v,(2s, F)}l)zs(”) —U, (s, 25,r)F (r)
r

— 825})25 (I") + g2s,1s})1s(r)

Note: we can chose off-diagonal Lagrange multipliers to be zero
for closed-shell systems, i.e. €4 5s=€5 15=0.



HF potential Vi,

HF potential is defined by specifying its action on an arbitrary orbital P«(r)

VirP(r) =V B(r)+V, B(r)

€XC

Vi P(r) = 2 (41, +2) v, (b, r)P. (1) Direct potential
b
Vo B(r) = —; (41, +2) Zk: Ay 1 V(0% 1)F, (r)  Exchange potential
(Vige )aa = Z (& pap — Eabba) [ Follows from the derivation]
b

Using this designation we can re-write our HF equation for
orbital a of the closed-shell system

1d°P,(r) ( Z 1 +1)j
—— 1| Wy == —— P (r)y=¢P(r
2 dr’ oy 2r° o (N=841)




(VHF )aa = ; (gabab o gabba)

i Calculation of energy

1
Eab...n — Z(hO )aa +ZUaa +52(gabab B gabba)_ZUaa U :VHF
a ab a

a

1
=Zhaa+§Zb:(gabab_gabba)_Z(VHF)aa Here, Z = Z

a nalamatla

1
= Zga +§Z(gabab _gabba)_Z(gabab _gabba)

ab ab

1
:Zga _EZ(gabab _gabba)

ab

=322, +1){ga - (2, +1)(R0(abab) —iAl R (abba)j}
l Py a*th

Nala n lb

e, 1S obtained from the iterative solution of the HF equation



