Lecture #3

Addition of the angular momentum states
Clebsch-Gordon coefficients & 3j symbols
[rreducible tensor operators
Wigner-Eckart theorem

Chapter 1, pages 11-19, Lectures on Atomic Physics

Chapters 6.10, pages 315-321, Bransden & Joachain, Quantum
Mechanics

Chapter 6, pages 223-228 of QM by Jasprit Singh
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i Addition of the angular momentum states

J=J, +J,
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J=J,+J,

Addition of the angular momentum states

¥

What do we
want to find?

\

J?| jm) = j(j+D]| jm)
J.| jm) = m| jm)

J

e How many states?
« What are the values of j and m?
+ How to build | jmp

Clebsch-Gordon
coefficients

‘(jljz)JM> = Z ‘j1m1j2m2><j1m1j2m2 ‘ JM>

ml,m?2



L=1[+I1,
Example: two p electrons

Strategy:

1. Find the state with maximum M__,

{ ‘ 2. Use lowering operator L_ to find all states

with L., M where M=L__, ... -L ..
Note: one can combine M__,,L_and M__,,L..

3. Find state with L=L__,-1 and corresponding

maximum value of M. Use orthogonality
condition or L, | L, ,-1,M,.~1>=0

Rename L ,,.=L. .1
and repeat until all of the

_ _ Note: need phase convention
(21,+1)(2L+1) functions are obtained



L |LM)=\L(L+D)-MM -1)|L,M —1) 1,=1 |lm)
[,=1 ‘12m2>

i Example: two p electrons

1. Find the state with maximum M__: M. _.=2

(LL)LM ) =|lm,,l,m,)
(11)22) =|11,11)

2. Use lowering operator L_ to find all states \[

with L., M where M=L__. ... -L .- L =1L )+ (2)
Note: one can combine M__,,L_and M__,,L..

L [(11)22) =2|(11)21)=L |11,11)=~/2[10,11)+~/2|11,10)

[(11)21)= 10,11)+(11,10)}

1
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L |LM)=\L(L+D)-MM -1)|L,M —1)

L |LM)=\L(L+D)—M (M +1)|L,M +1)
i Example: two p electrons

2. Keep use lowering operator L_ to find all states with L., M

L |21 =6|(1120)=—— L {[10,11)+]11,10)} =

2
V2|1-1,11)++/2[10,10)++/2]10,10) ++/2|11,1-1)]

1
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|(11)20)=

1-1,11)+2[10,10) +|11,1-1)}

1
A

2".  One can keep use lowering operator L_ to find all states with L., =2
or use M_.. state and L,.

L|aD2-2)=2[aD2-1)=L, |[1-1,1-1
((112-2)=[1-1,1-1) AD2=2)=2jAN2=D=L, I-L1-1)

\(11)2—1>=%{\10,1—1>+\1—1,1o>}



Summary so far: L=2, M=2,1,0,-1,-2

| Example: two p electrons

(11)22) =|11,11)

(1 1)21}:%{\10,11}+\11,10>}

\(11)2()}:%{\1—1,11%2\10,10>+\11,1—1>}
1

11)2—-1)=—1|10,1-1)+|1-1,10

(112-1)=—2={10.1-1)+]1-110)}

(1D2-2)=|1-1,1-1)



Example: two p electrons
Next step: L=1, M=1

3. Find state with L=L -1 and corresponding
maximum value of M. Use orthogonality
condition or L. | L ,-1,M,,,-1>=0

(1D11)=a|11,10)+b|10,11)
(ADIL|AD2Y)=00r L, |(1D11)=0=a+b=0

Phase convention: positive coefficient for the term with maximum m;

(1D11)=a|11,10)+b|10,11)

Maximum m,= a is positive




Next step: L=1, M=1,0,-1

| Example: two p electrons

(1D11)=al11,10)—al10,11)

Use normalization condition to find a <(1 D1 1‘ (1D1 1> —1>a=

1
J2

[AD11)= \/_{\11,10>—\10,11>}

2 (repeat). Use lowering operator L_ to find all states with L .., M

(1D10)=—{|1L,1-1)—[1-111)}

i
\(11)1—1>=ﬁ{\10,1—1>—\1—1,10>}




Next step: L=0, M=0

| Example: two p electrons

3(again). Use orthogonality condition to get |(11)00>

(11)00)=a|10,10)+b|1-1L11) +¢|11,1-1)
(AD10]AD00)=0—b=c
(1D20[(11)00)=0—>a=-b

Phase convention : c must be positive.
(11)00)=-a|10,10)+a|l-1,11)+a|11,1-1)

Use normalization condition to find a <(1 1)()()‘ (1 1)()()> —1—>a= i

J3

|(1D00)=—1{|1-1,11)—[10,10)+|11,1-1)}

1
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Clebsch-Gordon coetficients

| Note: we also calculated all relevant

Clebsch-Gordon
— coefficients

G)IM )= | jimy jym, ) jimy jom, | JM )

ml,m?2

(11)22) =[11,11) -  (1L11]22)=1
(11)21>=%{\10,11>+\11,1o>} - <1o,1121>=<11,1o\21>=i

J2

ﬁ
2

(11)20)=—=1|1-1,11)+2|10,10) +|11,1-1)} — (10,10| 20}

|
-



J=J,+J,

Addition of the angular momentum states

¥

What do we
want to find?

\

J?| jm) = j(j+D] jm)
J.| jm)=m| jm)

J

e How many states?
« What are the values of j and m?
+ How to build | jmp

Clebsch-Gordon
coefficients

‘(jljz)JM> = Z ‘j1m1j2m2><j1m1j2m2 ‘ JM>

ml,m?2



General case

‘(jljZ)JM> = Z ‘j1m1j2m2><j1m1j2m2 ‘ JM>

ml,m?2

J=J_+J],, = |[M=m+m,

“Maximally extended” state ‘ TiJhs j2j2>

JP=J +J,+20, 0, +J, J, +J, J,,

I\ Gidis dodn) = GG+ D+ Gy + D+ 20| i o)
= (i + 1)+ Jo D didis dodo)

]max — jl T j2




Jmax=j 1+j2 ’ Jmin=?

]max — jl + j2

Total number of states: (2j;+1)(2j,+1)

—J<M<J

J1+J2

im:ln(n+l)
2

. . . m=1
Z (2] T 1) = (2‘]1 T 1)(2‘]2 + 1) Jmax Jmax Jmin—1
J=/min Z mzz m— Z m
m=Jmin m=1 m=1
Jmax =J1+72
ej+H)=J_ J_ +tD)-J (J +D+J —J +1=
J=Jmin
=2, +D2j,+1)
T =i =1 _il<y<iqi «— Triangular
— i 17 )2 condition




Clebsch-Gordon coefticients:
i general formula

Wigner (1931)
Racah (1942)

o Jitds = )G+ d =)'+ d =) N2j D
<]1m1]2m2 ‘ ‘]m> - 5m1+m2,m\/( | 2 ) ( . : . - ) ( ! 2 1)
(J+4+J,+1)!

XZ (—l)k\/(jl+m1)!(j1—ml)!(jz+m2)!(j2—mz)!(j+m)!(j—m)!
c kNt = J =R (G —my = k)W, +my = k) (G — gy +my + k) (G jy —m, +k)!



Clebsch-Gordon coefticients:
i symmetry relations

Neither
transparent or
convenient!

(i =myjy =my | j=m) = ()2 iy jym, | jm)
<j2m2j1m1 ‘ ]m> = (_1)j1+j2_j <j1m1j2m2 ‘ ]m>

o | oam, |21, :
(= mgomy | =y = (12772 |22 i |




i Three-j symbols

3-j symbol

\4

L i j3 ): (_1)j1—jz—m3

m, m, m, 2j,+1

<j1Wllj2m2 ‘ j3 _m3>

m,+m, +m, =0



Three-j symbols:
symmetry relations

g bY_(d d (4 b
ms, m._ m, m, msy m, my - m, msy

312—-231-123:no change with even permutations

(jz Ji .@]:GJwﬂﬁBfA J Aj
m, ny My mym, m;y

213-132-321: phase change with odd permutations

jl j2 j3 :(_1)j1+j2+j3 jl j2 j3
—m, —m, —Hni, m, m, m;




Three-j symbols:
orthogonality relations

jl j2 j3' jl j2 j3 _ 1 5 5
Z ' 9 J3'J3 m3'm3
m m, m; )\m m, m;) 2j,+1

Z@Jé“)[]l J, 13)(11' 2 hj:%'mﬁmzvmz



i Irreducible tensor operators

Irreducible tensor operators: a family of 2k+1 operators
with g=-k,-k+1, ..., k satisfying the commutation relations

[JZ’qu] - qqu
(1,7 = Jktq+ Dk T T,

How to calculate their matrix elements?




i Wigner-Eckart theorem

Matrix elements of irreducible tensor operators
between angular momentum states are evaluated using
Wigner-Eckart theorem

(i samy = R

< Jim, ‘T : ‘ j2m2> #0 1f Reduced matrix elements:
- no dependence on the
G = Ut =i magnetic quantum numbers

‘jl _jz‘gkgﬁ +j2
Transition selection rules




