
Lecture 11

Quantum error correction

More on syndrome measurement

Suppose that instead of measuring the four projectors P0, P1, P2, and P3, we performed 
two measurements, the first of the observable Z1Z2 (i.e. Z⊗Z⊗I)

and the second of the observable Z2Z3 (I⊗Z⊗Z). 

Each of these observables has eigenvalues ±1, so each measurement provides a single 

bit of information, total two bits of information → four possible syndromes. 

The first measurement can be thought of as comparing the first and second qubit to se 
if they are the same and the second measurements is equivalent to comparing the 
second and third qubit. 

Reminder: 

Spectral decomposition is

Therefore, the spectral decomposition of Z1Z2 operator is 



which corresponds to projective measurements  with projectors

Therefore, of both qubits (1 and 2) are  the same, we get +1, if they are different we get -1. 

Measuring Z2Z3 compares the values of the second and third qubits. Again, we get +1 if they 
are the same and -1 if they are different. 

Combining these results, we can find out what happened (assuming that error only happened 
on one qubit. 

Z1Z2  Z2Z3

+1 +1  no bit flip
+1 -1  third qubit flipped     with high probability as we exclude 2 bit flips
-1 +1  first qubit flipped
-1 -1  second qubit flipped 
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The three qubit phase flip code (no classical analog)

Sending the qubit through a channel that flips the relative phase of the qubit 
with probability p. There is no classical equivalent to a phase flip channel. 

The state  is   taken to the state  with probability p. 

Phase flip channel may be turned into a bit flip channel if we work in basis 

The operator Z acts as a bit flip with respect to this basis:

Therefore, we can use states 

to encode the information. All operations are performed with respect to |+> |->
basis. 

The corresponding logical circuit for the encoding is 

Class exercise: verify that this circuit does the required encoding. 



Shor's code 
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