Lecture 8

Quantum statistical mechanics

At absolute zero temperature, a physical system occupies the lowest possible energy configuration.
When the temperature increases, excited states become populated. The question that we would like to

find an answer to is the following:

If we have a large number of particles N in thermal equilibrium at temperature T, what is
the probability that randomly selected particle has specific energy Ei?

The general case
In the general case, we have an arbitrary potential. The one particle energies in this potential are

Ei, Ez, E3, ... with degenerates di, dy, d3, .... This means that there are d, different states all with
energy En.

We put N particles with the same mass m in this potential and consider configuration

(Ni, Nl) N:')J """ )
doétr clit]
N, Parko\ts \NZ F“'J“'C\“ u\‘EL, W;{J/) Lz

wilkh evw,rm Ea With, !/vwvm Ey

Question: in how many ways Q(Ni1,N2,Ns3, ...) can we build such a configuration, i.e.
how many distinct states correspond to this configuration?

Case 1: Distinguishable particles
Building (/\/4, Ny, Ny, \ from N particles.

?er, Wi f\«\l \\ow ‘LJ r;\'uc N, rmr')-f(,\es ‘(:fow N,

Our result from lecture 7:

4 N2
Ny (N—— NMi)!

So far, we did not account for degeneracy di.
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We now remember that each particle has di choices of states to have energy E:
(degeneracy of E1 energy state is d1). Let's consider example di=2 and N1 =3.

Vi, by

4 2O TN Yo MYy Ny 5

Ny Wa Yo Y Y, Y2 cl,l =2 =3
Yy "1’1 [\*)L et \\)z Y

Ny oav Y Yo Yo Ve

Each of the particles 1, 2, 3 has choice of W, or ~}, so number of combinations is 2x2x2=23, In
the general case, there are 4** choices.

v,
N«! (N'“ N1)/

Putting it all together, we get that there are

ways to pick N; particles from N particles when each of these N; particles can be in d; different
states.

Next step is to pick Ny particles from remaining (N-N1) particles. The result is the same, only
now

M N+
N = N-p, VAR (N- M),
N, > N —
' b Nyt (V- M) MU (N = My= Ny
di=d.

Next we pick N3 particles from remaining N-N1-N» particles, and so on. The total result is:

IR NAG !
Q(Nq,/\/z\ N‘},_..) = . 41 X ( 1)‘ le
N«! ( V= /\/1>!

Ny
N— N /sz cl &
) ( 2 . /\/,[ M

|
NBI.(N-N\‘NL’N3)|. n= Nw.
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Let's check this result for our example from Lecture 7:

Example: three particles

Three noninteracting particle of mass m in the one-dimensional infinite square well.
Our particles are in states A, B, and C, and; therefore, their total energy is

Tk

Ama’t

E":EA“'EB’\'EC:

(1_ z ’L\>
YLA+Y\/B+\(\,& .

r 1

positive integers

| | 7k
We picked a state with total energy E = 3(3 ’
L a >/
2 pA 2
Ny + hg v h = 263

In the case of distinguishable particles, there are 13 possible states with this total energy:

(na, Ny, nc) = (44, 44, 44) #q
(4,45 5), (43 5, 13), (5,13, 13) 7o
(1, 4,19), (4,19, 1), (19, 4, 1) # 3

(93,7, (5,73,71) (15,18, 13,7%5), (3,5, (43, 1 5). #y
which belong to four different configurations

(Nay Moy Ny, gy N, N N Ve, N Moy Ny Ny Mo, Mo N Mo Ny N )
# (0,0, 0 0 0,0,0,00,0 3,0,0,0,0,0 6, 0,0, )

ty (0,9,0 0,1,0,0,0,0,0 0,0,2,0,0,0 0,0,0,..)
#3(2,0,0 0 0,0,0,00,00,0,60,0,0,0 0, 0,4,.)

ﬂL‘(O)O) O) O)i) O) i; O)O) O) O) O)O ) O} O) O;j") OJ O)"')

Weshouldget: Q,= 14 Q5= 3, Rs=3, Qq:é.
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Our general resultis Q (M, Ny, N+ ) = /\/,' ﬂ
h= Nw‘

In our example, N=3 and dn = 1 for all states (i.e. all states are non-degenerate) —,

> |
Q (N4)N2,...): G r\ E;\

n=\

Configuration 1: N11=3, all other Ni=0 (remember that 0!=1)

1
- 6 _— = Q—:i
A Ny ! 3!

Configuration 2: Ns=1, N13=2, all other Ni=0

o4 - =
Qo\:ci'_‘x \\I;éig\ 3

NDI\ N\’b.
Configuration 3: N1=2, N1o=1, all other Ni=0 Ry = 3

Configuration 4: Ns=1, N;=1, N17=1, all other Ni=0

[ I kN
Rq = GEMI-N:! Nq!\jlé o,

Lecture 8 Page 4



Case 2: identical fermions

(1) Our fermions are indistinguishable so it does not matter which particle is in which state.
(2) There is only one N-particle state with specific set of one-particle states.
(3) Only one particle can occupy any given state.

Therefore the counting works in the following way (let's pick our Ny particles again):

We can now only pick particles to put in N1 "bin" out of di choices since there can be at most
di particles with energy Ei. See the following example:

i\:3 S0 N, %, ady, al have gnerg E.
No=41 = Wehave 3 choices: W,, A5, oc aby

N, =2 => Wehave3choices: a Y-, Mok and W oanta.
N,=> =) Wehave 1 choice: Yata W,
Ny= Y =) No combination can be build.

The result is the same as
"how to pick N; particle from N particles" only now it is
"how to pick Ni particles out of d; states".

| dy!
Answer N -
N'll(N’A/‘I.)!- N'\,. ( A,\‘_' /\/1)‘.
Let's check for the cases in our example:
3l
Ny=1 q\\ =3 =9 =
AL (3= AN
2l
= - = . = 3
Va2 de= s = 2132,
21
= &_\ = =) : =4
N > 3 3 3 (-3,

The total answer for the case of identical fermions is:

o0 do!
Q (Nay Ny, .. ) = T
i:] f\/wl. (dv\,— Nw>'
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Case 3: identical bosons

(1) Our bosons are indistinguishable so it does not matter which particle is in which state.
(2) There is only one N-particle state with specific set of one-particle states.
(3) No restrictions on how many particles can occupy the same one-particle state.

So, we can still only pick N1 particles from d; states, but more combinations are allowed.
Let's do the same example again (d1 = 3):

Ny=1 2 cholces: Wi, Mo, and Ya.

/V/‘:l ﬂf’\ '\‘Y’l ) ’\‘\’LL{/-L} \‘l/";’\r'} ?Z G (/LVO\CC_S
/L‘"l ,\‘YZ) ’U(’l/\*”b) 7_’\1(3

N1=3 Question for the class: how many choices?

Ny Ya Wy Wa Y4 e S OTR PIN
Y M Mo YAtk Wa (al Fhret ace J«'—p&r‘em‘k)
A AT R ¢ MMy Ya
(3 game) i S SN
’\{”5 ’\‘P’b "*)1
A ¢ \{/‘: \['1_

(fwo Mo s Vvhe,)
Total: 10

Question for the class: is N1=4 allowed in this case?

Yes, pick states in the same way: all the same, three the same, two the same, all different.

Let's label our choices like this: (Ma =3 do=73)

%4"%4'\{’4

o 4 L4 X %X
\_—7‘\_/
|—fo1—€ (n O”’b| },} tn 2o B

g by o
o e X
\_G:Y\/ X \/R —— now<¢ i +L\ru,
/\\No in One One \n ’\\"/0
Ya Yo Yo Note: it is like placing N1 balls into d; baskets.
° X e X
(one Ta  eack)
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A bit more complicated example: N1=7 and di1=5:
® 0 X © X o ¥ o0 X X

Question for the class: what state is it? (LW Ay Yaen. )

f\-P/\ Ny o '\%3\%3 oy '\{JV

_,f—v_\,/

T ol

Now we can write a solution:
(1) There are N: dots and (di-1) crosses. What we need to know is how many
different arrangements of those we can do.

If they all "differently labeled things", like
o b ¢ d ...

N, +d, -1 okl =

We can arrange N things in N! ways, so the answer is (N1+di-1)!

However, all dots are the same, so there are Ni! equivalent ways to permute them that
do not change the state. Also, all crosses are equivalent, and permuting them (di-1)!
ways does not change the state either. Therefore, the answer is:

M+ da =)
N/\', (4\—4>.}

and the total answer for identical bosons is:

(N, + da - 4)’.
Nv\,l. (AV\,_ 4)‘

Q (N, Moy )= T

¢ =1\
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The most probable configuration

In thermal equilibrium, every state with energy E and number of particles N is equally
likely. Therefore, the most probable configuration (N1, N2, N3, ...) is the one for which

Q(N3, N2, N3, ...) is the largest, since it can be produced in the largest number of different
ways.

Therefore, to find the most probable configuration, we need to find when Q is a maximum,
assuming the following constrains:

e
2
n=\

ZNwEr\,: E

n=\

To maximize function F (x1,x2, X3, ...) that is subject to constraints fi(x1,x2, X3, ...) = 0
f2(x1,%2, X3, ...) = 0, etc., it is convenient to use the method of Lagrange multipliers.
We introduce new function

G(X\;xz)15>—~-) = 1: + >\'\’§'\—r ,>‘1‘p;~'h~-
and set all derivatives to zero:
ple DG

:O') — =0
X, O,

We will work with In(Q) to turn products into sums. The maxima of Q and In(Q) occur at the
same point since In(Q) is a monotonous function.

= 0n(Q) « o [/\/—Eva] N f[‘;‘ 2 NaE ]
T T

M 'C/l_ M —@L
fx\,\_":‘_ NW
(_é/cf O d g_(’ @wz JM\(JI(_ Fle w"‘s',«“’l""%; 59
DA be
A6
we need L, =T _p
Ll
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Case 1: distinguishable particles

o N
Q = Nl, H .ilw_
h=1 v\,\
o~ N o2 ot
6= 4e( M TE) v 2 e plEs )
=\ V"\~ n=? e

S B )+ 2 L M) - el )]

w A - S /\IN]+f[E— iNWEJ

n=-1

We use Stirling's approximation for large occupation numbers Nn:

falz Ve 28nz -2 | Lo 231

C= (V) + 3 I el = N Qef) ¢ N

—OLNNJ\JAEWI\/N}*WV‘ pE.

N T R~ S L
AN

v

gv\,(iw}— QVL[NV\)_ ol—J’)EW = O
Loly)= £u(d) = (3« pEL)

_ (&t PEW)
Ne= do €

Case 2: identical fermions ( N, > 4)

Doing similar calculation and also assuming dw Mo we get:
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Case 3: identical bosons N\, 571

QLV\_—/I
Nv\,: S =
ﬁ( + pE 3—1

We replace dn-1 in the numerator by dn assuming as in the case of fermions that J“WW’I.

Physical significance of o and f3:
1

. T
o is generally replaced by a chemical potential u(T):

lT) = ~OL£BT

B is related to temperature: ﬁ =

Now, we can finally write the formulas for the most probable number of particles nin a
particular (one-particle) state with energy ¢.

Distinguishable particles:

€
() N e’(&*jbg’)_ e, E;r+zBT>
nig)= — = =
dw
_Ce-p) e, T Maywgfh- Bollamann
nley= e < disheibuhion (classical %MJC)

Identical fermions:

4
NS e /T <— Fermi- Dirac
e + 1 d,[s*ri buton
Identical bosons:
4 Bose- Eincted
n(e) = - <— bPost- Einclén
Q/CE /A)/&BT _ j_ Ql,('g’l'}’l‘bl/b'h'o}/l/
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