L5. P1

Lecture 5
Solids
The free electron gas

In a solid state, a few loosely bound valence (outermost and not in completely filled shells)
elections become detached from atoms and move around throughout the material being a
subject of the combined potential of the entire crystal lattice rather than initial atomic
nucleus. We will consider two such models. In the first one, free electron gas, we ignore all
forces except confining boundaries and treat our electrons as free particles in the three-
dimensional box with infinite walls.

We assume that our solid is a rectangular box with dimensions éx, (‘1 , ownd ’(} ,and that
the electron inside only experience the potential associated with impenetrable walls, i.e.

ot herwise

(%4, 2) = éo, if 0¢xely, 0¢ycly and 0czclsy

The Schrédinger equation

A9y = By
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B AL JC N QU e Ly 5%
2m % * oy 92

separates in cartesian coordinates with a wave function written as

’\[’(x,\a,%> = X/(x) Y[\g) Z[(2)
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Here, E=L_+E +E2_
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Making the following substitutions:

—’EQ"EX @’é ‘E:_E:

2m dx?

_:h:(JZY:EY é_,é:v2mgj_

2m dlﬂ"' U d '
— f/_f c(LZ :E '} <« Zz = 2ME2‘
2m dz? z x
we get
B I L G S A
dx™® d=z*

The solutions of the above equations are cos and sin:
Xy = AL sia (£.x) + B, Cos (£, %D
\( k‘a) = A‘ﬁ Sin, (’k ‘3) + B‘? oy ('fé\a ‘3)
2(% = As sin (b 2 %)+ B, cos['é z) .

Now, we use our boundary conditions. At the infinite walls, our wave function is
zero.

X(0) = Y[o) = Z[o) =0 (4
x (0) = Y(@z)'s 2(4,) =0 (D

From Eq. (1), we getthat B, = B v = B, =0

since v
X(0y=0 =7 Ay sinfo) + By (05 (o) =0

By =0  d4nd so ow
From Eq. (2), we get the following
X4 ) =0 = Aysin(k, ly) =0 =7
sin (B, 4,) =0 =

& f = i, YLx:j,'l,g COSI“’W&
g \nk%er)

Note: ﬁx has to be positive from its definition.
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Similarly,

L5. P3

%U& Euk: ?T,V\Aa
k, L.

The normalized wave functions are

— i ] ns 7
A ) F Sin (Y"" N 'x> Sin<n‘? ‘ >Sm ( ks >
Ny My, Mg ¢ eag} 4 4

and the allowed energies are

_k'z, 5 2 2 B ‘)’.]L 2
E:Ex+E‘g+E2: Z“(/Ex+/£\3 +/£2>" 2

2 L,L hxl th 2 _\wﬂ'/l 1/207[%"
%_:“7:__ % Z}' + __‘3. + s } 'k:(%x) é\a' /A-Z')

b 1,

3D k-space with axes /éx, g é

Imagine a grid with each block in this grid
being produced with lines drawn at

k. = (1L, (27)L.), (BTl €,
A= (w14, (am ty), (3111,

% = (T’//( {27?/29 )}{BIL/[?))...
D_ﬁ\e%

7€ 251

Each intersection point in this block
represents a distinct one-particle state

Each block in this grid, and; therefore, each state occupies a volume

573 3

000, NV
of k-space.

Lecture 5 Page 3



L5. P4

Suppose our solid contains N atoms with each atom contributing g free electrons and our
solid is in its collective ground state (no thermal excitations).

If the electrons were distinguishable particles or bosons they all would have been in the
ground state, nb 4.

However, electrons are identical fermions and obey Pauli exclusion principal, so only two
of them can occupy any particular state (two because of the spin, one being "spin up"
and another one being "spin down" , S=1Y, m¢= ).

We can say that electrons will fill up one octant (i.e. 1/8 part, see picture) of a
sphere in k-space.

The radius K¢ of that sphere is determined
by the volume required for each pair of
electrons (x>/V ):

T
(et - (2T
e

& We assume that we have N atoms with each
atom contributing q free electrons. Each pair
needs volume #*>A/, we so need to divide Nq
by 2.

Fermi Surface

3 -3
ik o= ML

\
3 V4 We define the free electron density

/&3 B 3')71 /)0::_1\/;’4,
F o V

L Radiu Hao “ocoupred
/E,:" (3“ j’) ochch5 o?rlé-s]ma. g

The boundary that separates occupied and unoccupied states in k-space is called the
Fermi surface.

The corresponding Fermi energy, i.e. the energy of the highest occupied state, is

2, 2 L\33
Cee B BL - 37” (3p7°)
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How do we find the total energy of a free-electron gas?

k, A shell of thickness dk contains a volume

Lun g db = LnkTdk
8

The number of electron states in this shell is
I 1
;’l,,[_zi_]—- = VY 4L
f 1)V g '

_//
Two electrons occupy

3

=

L~ volume.

<|

Lz L®
Each of these states hasenergy E = — )
' 2m

Therefore, the energy of the dk shell in the picture above is

repinys
Je=|20 4 ﬂlfeclé

2im
Vil
L JC \AM\M)DCF 0’_{ .
%evfﬁla Ji e S-I'h ¢ elechvon s-HwLM in Ht
shalL
Therefore, the total energy is an integral over the k-space up to Fermi surface:
£ b
OV '
£, = g e = 2 2V 2 Ji

4 Abn TV g

0 o)

- s/3
474,V 2 (3r*wvg) \/—2/5

lo = m {on* m

This quantum mechanics energy is similar to the internal thermal energy U on the ordinary

gas. It exerts a pressure on the walls since if the box expands by dV, the total energy will
decrease:

dv
c- o gu= -2 g =
: v 3 My

This shows up as work dW= PV done on the outside by the quantum pressure P.
2
Do = Bet _ 212 s)3

IR Sm
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This pressure is sometimes called degeneracy pressure.

Exercise # 1
The density of copper is 8.96 gm/cm3, and its atomic weight is 63.5 gm/mole.

(a) Calculate the Fermi energy for copper. Assume q=1 and give your answer in
electron volts.

l:irs+, &‘EI.S Calm[aﬁ\‘b '(1/& 6\6(/(70.4 Jzym‘J(\g JD:

‘S): f\,f@_ — ﬂ_ m ) @%MJ xlw_filL_ X ?W\
vV V ) VJ,(AW\C mole ?V" volume
— —~
NA //Vl d J.&nsf-\r?
. Y o grlen?
A'Vo%mlros ahomic [
/ humber wu‘?vd— v @H/ \
moll
/\/\"’_\

P

= 6oL «lo x 896 qnlam’ U9 %10 " /m®

63,5 A
(Remember: P is number of free electrons per unit volume).

Note: Avogadro's number is the number of atoms in exactly 12 grams of 12C.
A mole is defined as this number of "entities" (usually atoms or molecules) of any
material.

_ ~3Y
i—\: 1055 ~ 10 J.s

- 3)
Me = 9,20 *iv i IC?,
leV = 1.602 %10 T

CO S S
2 2/3 (Los5) xlo  J-g 58 2
E - N (Sf ) = {3.3,|w1-%\%3xlo -‘—‘S
FTOoD _ 3 m>
Me 2-4.20 % |o )cg
VR 15 12, y
= ML xj|0 = Mar=t10o J = — e&V=Joe

~ I 60

")
2
Note : to remember [ 77} E’z_:ih\\/l = (7 E{fg'g\?&
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(b) What is the corresponding electron velocity?Is it safe to assume that the electrons in
copper are non-relativistic?

| 2,
= =m, J
= o Me
’zgr_ 2 - ~l6L Y"\ll 6
Me 420710 ° ey S
b
bx 10 mls -3 SR
'\j— = [_b’_ = 9% %x|o oK mowYLla-’l'\\/lS'LC.
c 3% (9% wls ! '

(c) At what temperature would the characteristic thermal energy (ksT, where kg is Boltzman
constant and T is Kelvin temperature) equal the Fermi energy for copper?

PQB"— 38 ,<|013‘j/l<

-9

x 4
E_ 2 =10 J K

E - — T = — = — = g. 1 %10
e ke Te = L S 138« \3 T T/k

Comment: This is called Fermi temperature. As long as the actual temperature is
substantially below the Fermi temperature, the material can be regarded as cold.
Since the melting point of copper is 1356 K, solid copper is always cold.

(d) Calculate degeneracy pressure of copper, in the electron gas model.

AN ES I, SRR AL ) 2
Bn") % f " = (3 %14 ) (1.057403"1-5)
S S92 xm”lké]
5(3 10 z 2 1o
dot L - < Jos 1 = 38x10 Nm©
,@m 0 w) = 338 < 4o ’Cg L o M/m
Cl\(;cll,ing J- Ny’ ¢
units T mF ]
(33 Caew) )

Hint: units are supposed to be N/m2.
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