Lecture 3

Two-particle systems

State of the two-particle system is described by the wave function
=
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The Hamiltonian for the two-particle system is
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Of course, as usual, the time evolution of the system is described by the Schrédinger
equation:

ik iy HY.

3 3
The probability to find particle one in volume q( F\l and particle two in volume d r_:;

is given by
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where the wave function has to be normalized in the following way:
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If the potential does not depend on time, then we can separate variables
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where the spatial wave function obeys the time-independent Schrddinger equation:
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total energy of the system

So far, nothing new comparing to one-particle case.
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Bosons and fermions

If the particle one is in state \h(F) and particle two is in state \{/\,(\F) , then the total state
can be written as the simple product (we will ignore spin for now):
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Note of caution: by no means assume that all two-particle states can be separated into simple
product states. All entangled states can not be separated into product states. Here is example of
the entangled state.

Suppose each of two particles can be in spin state up T or down ‘L , then the following state
can not be separated into product states:

Vo = = (Tt
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This state means that if the spin of one particle is up, then the spin of the other particle
must be down. Such state can not be separated into the product state as neither particle is in
definite state of being spin up or spin down.

Equation (1) above assumes that we can tell which particle is particle one and which particle is
particle two. In classical mechanics, you can always identify which particle is which. In quantum
mechanics, you simply can't say which electron is which as you can not put any labels on them
to tell them apart.

There are two possible ways to deal with indistinguishable particles, i.e. to construct
two-particle wave function that is non committal to which particle is in which state:

Y (¥, 7 = ALY RN + b (P L]

Yo (P, 7o) = AT Y (F) W) — do(m) o (Fa]

Therefore, quantum mechanics allows for two kinds of identical particles: bosons (for the "+"
sign) and fermions (for the "-" sign). In our non-relativistic quantum mechanics we accept
the following statement as an axiom:

All particles with integer spin are bosons,
all particles with half integer spin are fermions.
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From the above, two identical fermions can not occupy the same state:

Yo R R = ALVLED Pl - By vt =0
| S|
Same S-LMK

It is called Pauli exclusion principle.

We introduce operator P that interchanges two particles ( exchange operator)

P‘g(?“?y_) = ’g(:z,?a). P2=_4_
If particles are identical [P) H] =0 ( PH-HP=0)

Then, we can find solutions to Schrédinger equation that are either symmetric or
antisymmetric:

Yo, %)= =¥ (@ 7). | @)

Wave function is required to satisfy (2) for identical particles.
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Example

Suppose we have two non-interacting mass m particles in the infinite square well. The one-particle

states are: > e
En = w’ );Rz-\ﬁZ] = Y\,l K .

2mat
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| Case 1: distinguishable particles |

Total wave function: ~ ¥ nyng (., X)) = ’\\/hq () \l*hz (x2)

E Navie = (' Y\/"q- Al Y\/’LZ> K

Ground (lowest) state: "} - Z Sin (‘_ﬂj Sin (‘_\_53 )

ﬂ,\:&_

N,=4 Ea= 2K

First excited energy state: N, = 4 W, = 2L E,= [A+ L)k =Bk
Ni=2 wnpo=1 E,= (4 +4) kK= 5K

The state is doubly degenerate, i.e. two states Y,, and Y., have the same energy
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— 2 . 2
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2. T X T X2
’\3(1\ = 2 Smn 874*) Sin ( . >

Case 2: identical bosons
7 . [t % 2 -(FTXz - 1’11»
Ground state: /\*/'M: A ( Zsm(ﬂ)‘;)sm( p\/2>+ ~ S = )S)f\( ~
= 2A Zsin (E') Sin (TLIL)
o ~
Eqq= 2K (same  ag be—por@

— VA X , ATX 2. 2 . ).E| . 'TL'JE?_
First excited state: '\{’Ln?] = A ( ~ S 7) sm,( P 5 + = SM( m)Sl/\,C h)

Etln: 5k bwt the stale s mon- Ofe%emra%e.
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Class exercise: find the ground state wave function and energy for the case of identical
fermions.

Solution:

There is no state with energy 2K as two fermions can not occupy the same state (they can't
both have n=1) as

Y11= AGLS‘\«\ (T%:\ Sin ( T%—t) - ?31 s\r\( K )‘13 $an 'ﬂx4>> -0

The ground state is

= A(i S\A(W—EXS\A %)_ _.$M( >S] T:al

E= 5K,
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Exchange forces

Let's consider another example of what symmetrization actually does. We will consider again three
cases: distinguishable particles, identical bosons, and identical fermions and calculate the
expectation value of the square of the separation between two particles.

(o, -2,)) = <xiov s - L4d¥)
’\{’0_ avul “{f’b AL O—LL\OQA)V\M and Wor ynm a i 2ed .
Case 1: distinguishable particles
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2
expectation value of X in the one-particle state V.

<7L;7: g \'\l(a.(.-’(\yll 47(1 sz 1\Pb(12)|2J2L: <;[Z>b
/_\/;—_T'/
2 2
4’)(('1?_7: S Xy l’\{}o\('x't)\ ClI1 SXL \\l’b('xz)\ C]DC—L
T e —
dxX 7, AN

1

expectation value of X in the one-particle state b ,.

expectation value of X in the one-particle state V&

(= X)) 54X FLED - 2404 X,T

Result:
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Case 2: Identical bosons

|
Wi (20,20)= = (Apalz) Woxa) £ ¥, (3a) Wa (X2 )
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c [y 00 Ya () dx L e () Welx) dxg
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=0
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.. 2 _L 2 3
Similarly, ¢>x;> = {xiD= 3 ( oo+ <XE2),

That makes perfect since we can not tell them apart.

N T i “ v, 2, |y (Xa, 2\ dx, d~-
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?- e
Result: < (X, = %7 >+ = <'xl>4‘ + L 7y - 2(X Va <XV 214X .0
That was the result for distinguishable — /
particles, let's call it £ (v,-%,)'7y. This is an extra term.

Case 3: identical fermions.

1
Just repeating the case 2 calculations for ¥ _ (% ,7() T LAba (0§, (X2) = Gl ) ‘l’nl\@
and we get

L(?(\—Dcl)l7_ = < (’Iq—ocqjl?J + 2l Lx a1 |

opposite sign comparing to identical bosons
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Conclusions:

(1) If there is no overlap between two functions Y,) and Y &) , then the integral
XDay = g q{':,('x) '\éb()q xdx =0

is zero and all three cases are the same.

Practical conclusion: it is ok to assume that particles with non-overlapping wave functions are
distinguishable.

(2) If there is an overlap, identical bosons tend to be somewhat closer, and identical fermions
tend to be somewhat further apart than distinguishable particles in the same two states.

Note on spin: total wave function has to be symmetric or antisymmetric, we have to put
together complete two-electron state:

R ION
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