Lecture 7
Review. Quantum harmonic oscillator
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The ground (lowest) solution of time-independent Schrédinger equation for harmonic
oscillator is:

m 4/‘/ _;_n;wxz
,(x) =2
Yo (x) (*ﬁt) e

n
To find all other functions, we can use Ap (x) = A (a+) Yo(z)

l
The possible energiesare: E n = ( n+ 3 ) Tw
The ladder operators:
[

@y = o Cipe mus)

Raising operator

{
Lowering operator A - = (Zmet

( t‘F + VY\(/JX)

Definition of commutator: [ A‘ R\ = AB- BA

Canonical commutation relation [ oc, P—} = it-
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Exercise 4

Find the first excited state of the harmonic oscillator.
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Exercise 4

Find the first excited state of the harmonic oscillator.

Solution: _ fhcli
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L7.P2

Your can also get normalization algebraically using

1]

 n+ 1 4_1, nt o < seepages 47-48 of the

Q
+ P textbook for proof

a-dn=1In V.,

Then, @, % = ¥, =7 % = A+%
( A
A fy = \Fi“-fzs> \Foo © E A+ ¥, :&(Q,L)ﬁ

- 4 =
T E A A AL

{

- L (as)
AL a+)

Therefore, the normalization constant A is

::‘_ R}LZV'\LK—(/ A’\zﬂ‘
A o ( Rem ).

Other useful formulas:

1 - 1p + =
Since ot = m (4— P mW)C> 7

= A (ay +a- )
2Lmw Very useful in calculating

[ averages
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L7.P3
Analytic method

We now solve the Schrédinger equation for the harmonic oscillator directly

2 2 72 2
_ _-}l—_ J Y + L muw x 47& —;E\.//
dm dx” 2
mw
Change variables for convenience E = 3
2E
K= —

hw

d"y o
5 = (g - K)¥

Y=
For very large E : t—‘;f-" ~, %z%

2
Approximate solution: t /2
PP _ % 7’/2_ \%

4(t)~r Ae T 1B e

Not normalizable since ~¥ = o2 a* £ o0

Discard Y,
Therefore, we look for solutions in the form "{’[{ ) = )» ( E ) e
_ %} - 5%
u = C_L_ll e /Z — 3“3)6 -
d 4%
. . y - %%, Ry _5
d ¥ A_i”e";/&—§éﬁe L-Aeéi dh &
dE* 4%’ d ng
\
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L7. P4

49\'\(, _ ﬂ B dh (=" )Lz T§Y2
o (Remsaatot)e
Y (e k)
o= (T
I
2 Hermu'+'
‘El__l" - 2% dh + (k-1 h=0 d,c#ereikd
Clg‘p d'\g eﬁuwﬂow

We look for solution in the form of power series oo
L J
k(\g) = ao+ Q‘E-(' QLE +. = Z QJE
p\wj J=0
;w 2 0 ' J—

J=29°

d:\?

ggk“ )= 24 +R.305% .. = & (e ([+2)9, 8

21 5
Z [(o+4)ﬁg+ 2) 0\.0-&;1_, \‘é - 2% | 4 g (k-1 QJ'E):O

L)/D L&_I
:
Z[ (d-{-'\)(o-tl)q 0 qu + (k- 1) a5 J¥ =o

d —
The coefficient of each power of & must vanish

GG+ a.,, = 2545 t (K-1q, =

Lecture 7 Page 5



L7.P5
L) +1-K
Recursion formula: Aj+a = : a;
()‘“‘)(J-(- 2)
- 5—k
Qo a, = =5 a, a,= —a, .. [(evEN)
z 2 J (B
_ 3-K =k, [ oD
a, Ay - T Qq) A s 2o 3 ... )

ME) = e (5D + heda ()
/! | 3

2
hoygn = Qo t A2 § +... hodl = 4, + 43 F *.o.

Problem: not all solutions are normalizable
. 2 7
T§ s very larst =Y Q4= — A = T4
=T s very tans ) Jr 7
/ J
and q: % = Mgdxc 2 — &= cy L g
’ . 2 [J/Z)! d.‘
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An+2 = An =0
(n+1) (n+2)
_ 2E )
K= 2n+ | K= G o ETatwk

\\\/

I\

Fw (2n+1) = *hw [hﬂ")

1
2

'QY‘ n = 0) 1) 2— [SEN
We recovered our previous result!

Note: the condition above will terminate either odd or even power series, the other
must be zero from the start.

How to generate the wave functions?
= aln-y) ,
a/d + 2 - . a J
(J +1)( J t 2)

TF n=0 =% odd seriern s zero a, =0, a3=2,
shet with =0 for even series

Ay, = O =D There 7s o oL -b/n., Ao =0
N ”’% - &%
h(g) =ao =D ,[F)=a, ¢
ay we obtdned hedore
LE h= 1 =) A, =9 and even sevies (s o
Tl reeursion formuloa  giVies A =o 7)/
_ 7%
}'L'{[E):q,l =) '\fo[z):qq‘g e
vy We pro ved eartitr /;y ano 74 ynethal.
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L7.P7

For n=2 y=0 ?i/zs a4, = —24.
)= X ?ius ay =0 =7
(odd series is =zerd) %

lE)= @ (41— 25 )¢

Apart from overall factor ( g, or 4, ) these polynomials are called Hermite polynomials.
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mw 4/LI
y, (x) = ;I,—?) I
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