Lecture 6
The Harmonic Oscillator

Classical harmonic oscillator: mass m attached to a spring of force constant k
Hooke's law: F= - %,‘

V(x)

d x
F=ma, ~ by m

_ xlt) = Astn(wt

R
) + Bcos /wf) wﬁ
The potential energy is V= L [ x

Quantum problem:

1 2 2
\/(x)= > hw x

Solve Schrodinger equation with this potential

_ k4

+—mwx E
am J—-L tf 17‘/

Two methods to solve it. We will start from algebraic method (trick solution)
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L6.P2
Algebraic method

.} 9
P:—Lta—; =72

{ 2 2 — -~
ZM[P + ( mwx) ]«{f Evy H Y

1
m
_G,

The basic idea is to factor the Hamiltonian

Y = 2‘-m (poe tmwx)*)

2 z . .
For numbers, the solution is obvious «4 + U = (R +v)(- tu ﬂ")
We can not do it here since p and x are operators and xp is not the same as px.

Still, let's consider a4+ = ———4——- (-— tp ot m oux) and

V2hme

1

v ?.'h/lr\v;w

factor is for convenience

a_ = («\,‘P+mw>c)

(NC Coan wn e A+ and a- -1'094_-/4\1,#;

4 ( 7 p+ mwx)

a+ = 2 mw

Flrs‘t,wz el wdale a_a, and set what we will ?b(r
{

a, = —— (_Cp-fmwx)("l:f'*mwx) =

A mw

-—

= 4 (p2-+ (vv\wx)z PL\PYV\WX‘MW'X—"‘P) =
Yk ™ T (N

Oans‘lLah’k we can move afouncf

Lecture 6 Page 2



L6. P3

C FZ"“ (wa\L- cmw (2):/9—/92)]

1

A Ay

LR muw —
Has is called o
Co mvutato r
Lx pl= xp-p>

In general, the commutator of any two operators is [A B] AB- BA

Now, we need to calculate commutator [ x, Pj- To deal with operators, use
test function f(x) (any function).

Cx, p) fx) = xp frx) - Px-F(x)
= . d_ \ i ~x = - T} ’1—1;
(R 2 ) eiid () : f

—ti/‘g‘ = 2% f(x)
dx

[ x, P 4(70) = {'L u[(x) *[w 2_:!_2 ‘#(x),

Therefore, s
t x, P ) = # <— canonical commutation relation
We now find a- A+ = EP + () -tmexI,f)j
e
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Exercise 3
Find: (1) A+4_
(2) La_ a,]

)

Solution
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L6.P4

The Schrddinger equation can be written as

w(ava-+ L)y - ey

or
A

fw(a_ar - )v = Ey.

Il

Crucial step: we are now going to prove that if ¥ satisfies Schrédinger equation

with energy E
Hp = EY,
then @ .Y satisfies the Schrodinger equation with energy (E+ ‘kw) :

H(aed) = (E+hw)(asv).

Proof 4
Haay) = kw(asas + 5 )(ae)
= L = ;)“LS‘\’ moved O+
i kw(&:&‘ e l‘a—+’>\\} B before ()
4
:KWQ+<Q_Q++3\\\,
= A4 QA +4 Since  we Pro\/e.cl Hhat

Ea,,m];a-ou-owa_ =4
A-a4 = {4+ a+QA~

= kWﬂ+(O\+Q_+i + '\)\I,

\_w
H

o

=0L+(H+’kw)‘\’

)

0\+(E +kw) v =(E+hu)(asy)

We can ™Move i+ hort because (E+‘L‘\u) (‘Saoons"?m‘l‘(
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L6.P5

We can also prove that a_¥ s a solution with energy (E ~Hw):
H(a-v) = (E- hw ) (a-¥)

Now, if we know one solution, we can generate all solutions using operators
a* and 4™ . This is why these operators are called ladder operators.
A% is a raising operator and 4~ is a lowering operator.

Wave function Energy
0\:1 v A g +3hw
Ay a, E+2hw
a+tf E +hw ]
a_y a_ E - hlv
az ¢ E- 2hw
az ¢ & E- 3hw

Problem: what happens if we keep applying lowering operator? Eventually, we get
energy that is lower than zero, which we can not have. Therefore, eventually we get
the lowest step of the ladder:

4 .
a’—/\i’o = 0 A = — (LP+MWX)
2hmw

This is our one solution that we need to find all of them! p= -1“1\’ 2
We will now determine this lowest state: dx

1 (tsL + mwx)wo=—o

m dx

dve o mw ooy

dx R

L 4‘(’0 = - M jxcl'x,
Yo t
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m
'ev\/’\{/o: - 5_—1?1%1' + wns‘l'étn‘/‘
w2
ak
Yo(x) = Ae
e? ~mwxz/‘i§ ok
. . T
Normn@t}m‘élom \AIZ S e dx = |A mw
~00
mw Wy
A S ‘lﬂx>
/ - x * Lowest state of
A
Y, (x) = Yl‘ii) 7 2% harmonic oscillator
T

The corresponding energy is found from

\:\\'\'ko = Eq’o
tW(ﬂ_‘.a-— + »;__ )k‘{/o = EOLPO

Kwata_ ¥, + Tw 4, = Efts =7
—— pA

n
To find all other functions we can use  Ap | (x) = A . (a+) Yo (z)

Ew;(”—"’i)tw

Note: we already found all possible energies!

Lecture 6 Page 7



Summary
Quantum harmonic oscillator
| 2
V (')c) = ;_ m w 1><

The ground (lowest) solution of time-independent Schrodinger equation for harmonic
oscillator is:

m /\/L/ “;—"%xz
,(x) =2
Yo (x) ('ﬁt) e

n
To find all other functions we can use  Af (x) = An (as) Yo(z)

[
The possible energiesare: En = ( n+ 3 ) t‘w
The ladder operators:
[

= m(-ip+ mwx)

1 .
— mw x
Lowering operator A - r_:).mwt ( LF t )

Raising operator a_

Definition of commutator: [ A‘ R\ = AB- BA

Canonical commutation relation [ oc, P_] = it-
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Exercise 3
Find: (1) /S .
(xy L[ a_ a.,.]

)

Solution
( . .
= — (—tp + Mmuwx ) [\ —+ Vhwx)
Q‘(' Q- g\.th P P
2 .
= i’ﬁl_m—w ( P”—+ (mw ) \;;M:/(}"X-T»
— i [~ 1H)
i
- Mw'}m_
_ H
hw L

} . ‘
Cam, as ) = Fom {[LP"’ mwx | -Up +ww>52]

o

+ U CP) YY\WX—J + E MWY%W)‘—X\S -

;%wg—mwitxl'o‘x + \‘MWﬁPlx’&S

{
3\*\'@&% oy L tk

( o
T Wmw g L vp “"P] + Cmuwy, -'p)
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