Lecture 25

Addition of angular momenta

Ground state of hydrogen: it has one proton with spin ‘2 and one electron with spin ‘/z

(orbital angular momentum is zero). What is the total angular momentum 3’ of the
hydrogen atom?

5 =3,+3

/ 1 2
Total spin / \

Electron's spin, acts only Proton's spin, acts only
on electron's spin states on proton's spin states

The z components just add together and quantum number m for the composite
system is simply

m=m, + My

Combination of two spin \ 2. particles can carry a total spin of
s =1 or s = 0, depending on whether they occupy the triplet or singlet
configuration.

Three states |g m> Wwithspins=1, m=1,0,-1;

1415 =11
110> = E(Ti“' 1) S—4 Thisiscalled a
\1-’\7 = ll triplet configuration.

and one state with spins =0, m = 0:

L — -
Z“OO7‘V§(7\‘L ‘LT)} S=o This is called a

singlet configuration.

How do we prove that it is true?
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L25. P2

To prove the above, we need to show that

S*ISMY = s(s+4)IsM7 e

for triplet states

S¥ltmy=21limy sice  S=1 [m=10)

and for singlet states

S.z|007 =0 since S= o0

This can be shown by direct calculation (see page 186 of the textbook for the
proof).

In general, it you combine any angular momentum ‘j,_ and j, Yyou getevery

value of angular momentum from l:;\ —-(jz\ to J"J(\\z in integer steps:

~ t (N ‘ A
=13 =d=l e (00 92)
It does not matter if it is orbital angular momentum or spin.

Example:

[N N S 9
- =+ = =
‘ 3 3 % d 1
Total angular momentum J can be 2, ;_ 2, an >
\ .
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Class exercise #11

Quarks carry spin b Two quarks (or actually a quark and an antiquark) bind together to
make a meson (such as pion or kaon). Three quarks bind together to make a barion (such as

proton or neutron). Assume all quarks are in the ground state so the orbital angular
momentum is zero).

(1) What spins are possible for mesons?

(2) What spins are possible for baryons?

Solution:

) S=

"
Add Hlese Kesh
S\Z:OOr A
I =4
Now add the third spin: S.=0 S3=3 =7 2
1
S.= | Sy :‘2 = £= '-—«ﬂ)\ ('“-(—4)
Lz
2 o 2
-1 3
S“ 2 or ‘i
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The combined state | J M~ with total angular momentum j
is a linear combination of the composite states:

A
\:)YY\7 = 2__ I \ ) m, 77 \‘);_W‘L7

Cm=wm,+my )
\ clebsch- Gordon

CoefLicnents.

Links to the calculators of Clebsch-Gordan coefficients:
http://www.gleet.org.uk/cleb/cgjava.html
http://www.volya.net/vc/vc.php

Let's consider our previous case of hydrogen as an example:

\ anA ;\l:‘;: =7 ‘\'0“"&‘ k) \‘3 lOF O.

=2
Our states were:
() '44v=]1\’fr\
. ~|LL
)g‘)‘mn=‘il\.l\) 2™y |z 2 7
145 = \izlzb llz—lzﬁ

Now we look at the formula above:

— ‘)IJZJ \, \. ™
L‘)W\7: 2———— CW\\WIzW\ \)\M\7 ‘)?' L7
Mg, Mo
EW\-'VVM‘*MZ—)
and compare
1447 = 133721353 i3t
22 22 l] =) C_\_.L L =4
22 Ly g
2 2

\5“\7 - \3.%7 [OZW\)ﬁ

c =°
m oM, A

and all other relevant Clebsch-Gordan coefficients are zero : L
M FY, M#ES
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125.P4
@) os = (1L + )

L W J

Ni=
|
o -
J
Nj—
© -
Vv

ﬁDes‘\?)wA’\ons-. [:)vvﬁ = U\"‘ﬂ Ljam

[3m7))2 MY
P\ = -1
- R \ .
m=0 \ f _ 2= ™3
40 ,
_\ = —
C-‘i ZO ﬁ
Ly \
2 2 ]
I
550 N2

L0

All other relevant Clebsch-Gordan coefficients are zero.
2 2

M, m, 0 for all other M\ and ™ ,

Lecture 25 Page 6



[L25.p5]

Class exercise #12

The electron in a hydrogen atom occupies the combined spin an position state:

¥= Ry (3 Y7y + (o3 Y g
h‘=2.f l\eﬁ"i T \’\{S \T/\fsz

L
L=1 L=t z
ML: V) =

Note that My + ms= Lz in both cases

e
(a) If you measure the orbital angular momentum squared L, what values might
your get and what is the probability of each?

(b) Same for z component of the orbital angular momentum , L%.

[
(c) Same for the spin angular momentum squared S .
(d) Same for z component of the spin angular momentum S} .

5 5
Let 52 L +S be the total angular momentum.

2
(e) If you measure the total angular momentum squared J ~ , what values might
your get and what is the probability of each?

Clebsch-Gordan coefficients
Hint: this formula is also true

J1=1,j2=1/2 -
m=3/2 j: ; Jz J
| 3/2 lgamad | M7= S C . Y
m,me= (L1/2 1 ;
m=1/2 j= Use it to represent Y asalinear superposition of
eigenstates | )7

3/2 1/2
mi, me= 1,-1/2 II‘,.E I,"I§

Vs V3

0, 1/ 2 |"I'§ ,"I'I
Vs RE
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Class exercise #12

The electron in a hydrogen atom occupies the combined spin an position state:

¥ = Rz\((‘/_; Y‘|)7‘+ *’ﬁ;\(\,?(-)

~ ~— —
N T T T Ve
n=2z L=1 Rf;‘ Zn
Me=0 Mg=3 me=12 ™=z

I
Notethat M,+ms= 35 in both cases

2
(a) If you measure the orbital angular momentum squared L, what values might
your get and what is the probability of each?

=1 LU ¢=e+n X v =

[ T
Youget h £(€+)= 2R  with probability P=1 (100%).

(b) Same for z component of the orbital angular momentum | L% .

}_1. \“P = ‘hme"’

Possible values of Mg: My = 0 or 1,

() 5 A e
r—; (E)z‘-‘— % ‘Q}r me =1,

2.
(c) Same for the spin angular momentum squared S .
2 2 | 2 2 , -
SY=H s(s+)y 522 =7 You gtf ZH with P=l

(d) Same for z component of the spin angular momentum S% .

|
Ss¥=Ffmgy  mg=3 and -5
| {

= = = -1
P /5 foe s 2 P= Z/3 ’EOF mg = >
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(e) If you measure the total angular momentum squared J
your get and what is the probability of each?

E12
2
, what values might
Clebsch-Gordan coefficients
Hint: this formula is also true
j1=1,j2=1/2 o
m=3/2 j= ER
32 lgamaa | oM 7 = 2. C M, Mo W ‘ am7
M1, M> 1,1/2 1 J
m=1/2 j= Use it to represent Y
eigenstates |\
3/2 1/2 9 y™7
mi, M= 1,-1/2 E I."IE
V3 V3
0,1/2 |2 1
I
Ay =

as a linear superposition of

AT

R, (' Y° 7c++ﬁ§Y
w—/

2smgy
L
| Lo> |

ul

L,-L’

|l|

\@M57m$7
FEDR 12 "2'7
(7,
S
jf_

d

JJzJ
Lgama | JLM?:?‘ 2. Cm LMW \d m7

| &my7 | smgy = Z cm g

Ly M7
What possible values of j can we have?
=1 s=35 =5

m=my+Ms

= £-s an Q+S='7¢—- ancl‘
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LL
\107\;_7_ = C
p

pis
| Lmg7 |S“\)7 My T R

Need :  Clebsch- Gordon  coedhcients:

Look in this table:
m=1/2 j=
| 3/2 12 Lk
mi,m= L 172 \,I"IIIE % C
= Teuh
o12[ 7 |71
Vs J Vs ]
\ L 3
- 2
C O dzd
011 N\M‘LO
| > 3 |
l1o = — = )ity + “\"
7 )ZL E 3 2 27
In the same way, 3
I |\ S =
IS 35 vz 3 )
LS - 22 LI = =
\“-7\1 2"7“C \ ‘ZZ7+C\-\\\?’2’7
) -4 L z3
2 2 z

(Take coefficients from upper row of the table).

I 1 3 1
Eri- (130
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Ry (137 Y| ¥ (o5 X gl )
N~ N—’

(\Y: —
leme7lsmsy leme7 | SMs7
\fwllllp 11913 757
= Ry G 1091317 + @ )447\1-7/-%7)
) !
plug in from previous page
‘ 2|31 LI
’*‘Rz\{ﬁ(iliz ‘ﬁ)zz7>
\ 31 2) L1
* E(ﬁ 1227 *\FE) zz7>8
L L
:R2\<g—?;%27+§'\zlz,7>
—~ :
Ly ™Y Ly
:é.\):\z——f&)z. = 3 fo ?‘U‘r ()[‘)'+4)t
073 3 3
L= 1 (' tL:
i=L = |3]= 3 oA O
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