Lecture 22

YA
Eigenfunctionsof | and L3
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The eigenfunctions 7( Z‘ of L and L} are determined from

Cf o =Recesn{
sz: = hm 7[);

J

where {2(( £1) and mt are the corresponding eigenvalues that we found using
algebraic method during the last lecture.

First, we need to write these operators in spherical coordinates to establish what
equations we are dealing with here.

We start with the definition for the angular momentum:
L= -2k rx v

Using the expressions for r andy in spherical coordinates:
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we can show (see pages 167-169 of the textbook) that

Ly = —ih 2
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L” = —‘}Zl[ l 2 (Sine 9‘) + >
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Therefore,

Lzﬁz_ﬁz[ o oo ) ¢ o 2T e

S;ﬁe ae Sl'n‘l.e a¢

But, this is exactly the angular equation for YZ‘ (Ql@ that we got when we have done
the separation of variables:

Angular equation: 3y
Y \ °
_\_& | 3‘(3'\!\9“)4' . 2 z}:‘e(f(ﬂ)
N Sin® 09
/

You can now see the reason for
calling the separation constant
e(e+1) |

The second equation is

™ m
L%j;a=‘ita%j7[2 = M#jcg_'

This is equivalent to the equation for qD that we got when we separated variables O
and @ :

2 . .. .
= - m <l Again, this is why we called the separation

140
P dg°

constant le .

Therefore, we already solved this system of equations and know the answer; the
eigenfunctions that we are looking for are spherical harmonics Y ( 0,9).

In fact, when we separated the variables, we constructed the eigenfunctions of
H, L*,and L 2

Hy=E% , L ¥ =5"0L+1), Lay=Tm¥
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We note now that our algebraic solution allows both integer and half-integer values of £

and m, but separation of variable gave only integer values of £ andm. . What about the
half-integer solutions?

To understand the significance of half-integer solutions, we return back in time to 1922,
when O. Stern and W. Gerlach conducted experiment to measure the magnetic dipole
moments of atoms. The results of these experiments could not be explained by classical
mechanics. First, let's discuss why would atom poses a magnetic moment.

Even in Bohr's model of the hydrogen atom, an electron, which is a charged particle,
occupies a circular orbit, rotating with orbital angular momentum L. A moving charge
is equivalent to electric current, so an electron moving in a closed orbit forms a current loop
and this, therefore, creates a magnetic dipole. The corresponding magnetic dipole moment
is given by:

— 4 L’_’

-
If the atom with a magnetic moment y is placed in a magnetic field B, it will experience
a net force F,

2 B - B
- 3B o 2B - °°

- LI, F _ /4 ¢ —_— F% - /A . ,
Fx M 3 x 4 2 2%

Stern suggested to measure the magnetic moments of atoms by deflecting atomic beam by

inhomogeneous magnetic field. In the experimental setup, the only force on the atoms
is in z direction and

9 B2
- M, 952
Fz, 2 82—

The direction of magnetic moment in the beam is random, so every value of My in the
range -_M ¢ M=z £ A isexpected. As a result, the deposit on the collecting

plate is expected to be spread continuously over a symmetrical region about the point of no
displacement.
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The Stern-Gerlach experiment
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Expected: uniform distribution deflections

as the direction of the atomic magnetic
moment is at random and every value of A4
the can occur in z direction.

Found: two distinct traces

(beam was split to two components)
So multiplicity a=2[+1=2 [=1/2?

Ag, Au, Cu, Na, K, Cs, H

Electronic configurations of atoms in Stern-Gerlach experiments:

H 1s

Na {1s22s22p®}3s!

K {1s22s22p®3s23p6}4st
Cu {1s22s522p®3s23pb3d10}4st

Ag {1s22s%2p®3s23pb3d104524pb4di0}5st momentum ) :4/1

Cs {[Ag]5s?5pt}6st
Au {[Cs]5d'04f14]6s!

e -0 < Or‘bf‘l'd

ahgulm— Momenm

spin (ndrinsic anﬁw(ar

S means ¥{=o0 4 means L=
P means 2\ i\ means £=2

Conclusion: elementary particles carry intrinsic angular momentum S in addition to L.
Spin of elementary particles has nothing to do with rotation, does not depend on
coordinates © and ;6 , and is purely a quantum mechanical phenomena.
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Fundamental commutation relations:

Esx) S.a_l: l:)ﬁ Sg_
[Sy)g%-\:i“kgx

LS, S.)=i% Sy

Therefore, all our results from algebraic derivations apply, and we can write:

31‘8 my = ‘t\zs(s+1)15m7

S, | smy = Fm lsm>y.

| Sm7)  are the eigenfunctions.

Both integer and half-integer values of s and m are possible.
All elementary particles have specific value of s, it is always the same for the
same type of particle. For example, photons have spin 1 and electrons have spin ‘/2,

Also,

St [swm?Y tJSM-M)—M(Mi»I) | s (wmE1) D

where

S{;’; Sxiign
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Spin ¥,

. A
S:‘Z , therefore m==% %_ and there are two eigenstates lsSmy= |2 \;,7

J

=

{
lsm7= \1(’%_)7, g e -

4
We will call them spin up 4 \15, 5 and spin down |, | '1 —'?:7.

NI~

rNTovu 0vm'4( 3

Taking these eigenstates to be basis vectors, we can express any spin state of a
particle with spin'/, as:

= a = QA + t b ]- -
] (b ) )L \ represents
epetsents SPM Jﬂwon\;
Spin up ) P ( )

Vo= () |

All our spin operators are 2x2 matrixes for spin l/7_ , which we can find out from how
they act on our basis set states 76 + and )L_.

2
Example: find matrix representation of S .

Solution:

L

2
=S

szy_

2 3 2
s(s+4) & ftr = o R )4

]

S(s+1) h - = 3 {al)(-

We write matrix Szas SZ‘— (g g ) with 4 unknowns <, CL» e, and .
2 _ ’2 R
SL ¥+ = g n Ft
3 U 2
c d { _ 3 \ _ C _ (3/‘4‘1;
(e;)@)”?ﬁ(O) = ()= )
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e = o0
_ 37
c =z L
Now, we take the second equation for )C_ .
2 } 2
STf. = 2R A
L J

¢ $(9)-24(0)

- (o) = o

N
Putting it all together, we get our matrix S

c= ¥ L s
d=o S:(t —£> =<O
L= 0

§= 2% S= 3*(; ?)
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Class exercise 8

Find matrix representations for S-;__, Sx, and S.} for spin A/l-
Hint: to find S, use Sa lsm? =mh lsmy, 1. ¢,

S Fo = E¥o, Safo =7 Bx-

Tofind S, and 53 , first use
St lsmy = K VS(st1) cm(mE4) | S (mE) )

tofind S and S_ . Next, use definitions S =S f7 S?, and to find Sx
and S}} :

Solution
_ &
2

®S§: SZ—

c="%/2 d=0 +
=0 é—' - /l
(" o t ( I o )
d x o %2/ 2\o0 -
® S« S+ LSW) =% V/SCst1) —m(mE 1) | s (mE1) Y (1)
LAHM‘J( S’\'&\ks:
} S =
L * f"' Note that these also come from definitions of Si‘
e b= S-y- =0 operators, since ¥, = Ly "Hop rung o4 Ladder'
e ® ¥-=fu “bottom rung o Lladder”
z %\b Plugging s, m into formula (1) will give zero too, of course.
)L._
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Si \SVﬂ"t VSlst1) =m(mz 1) s (mE1) )

St y- = L0 pe - F Ay

EVSV\::/-Z'/L]
S_ X = J%—‘—Z(-‘i—ﬁ /,-—f)é_
Summary

S4 F+ =0 S-)- =0

S+ o= Rx+ S-Y+ = K)o
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