Lecture #16

Example 1:

Imagine a system in which there are just two linearly independent states

117 = (10) and 127 = (?).

The most general state is a normalized linear combination
a 2 o
|sy= alay+ bl27 = (b) ) lal + lbl =4

The Hamiltonian can be expressed as a hermitian matrix, suppose it has a form

i-(58),

where h and g are real constants. If the system starts out (at t=0) in state \ 17
what is its state in time t?

Solution

L d
The time-dependent Schrodinger equationis ¢ ‘k I; |S7=HlIs 7-

The general solution of this equation is —iEt /R
\37 = Z. C»\,Is7ne
h=(, L

where \S7h are solutions of time-independent Schrédinger equation
Hlsy, = En Vs,

Therefore, we need to find eigenvalues and eigenfunctions of the Hamiltonian H, i.e.
find eigenvalues and eigenfunctions of 2x2 matrix

= (5 4)

We will also later need to find C,, .
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Example 1
To find the eigenvalues E of a matrix we solve characteristic equation

Je’c( H - gﬂ -0
’\(40:)) wnm} matvix

O [ R

2

= (h-E )Z‘ 9 =0
O'v E —cp(\w -Exgq) =0 =7
E, = h + 9
Er=h- 9
To find the corresponding eigenfunctions, we plug our eigenvalues back into

H\§7h= ELlST LS ¥ \S7=(f>

& () (5)

hoa +qb ((\\Jf”x)“)

4o + heb - U’\‘pr
M‘FO}L) = has 4 = =
40+ Ws = b+ gb
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Example 1

a=b = ls7:<&>

% a
Normalization gives < sls7 = 4 (o & )(/A/ =41

Lial =
n= & = |Isy, = ;‘/Z(i) (Lets call o+ 1574)
py
h 9 >
(5 1) el

o) (o50)
T

\571 =7 = ('&)

' , L
NO\'W\KU Z'M’\Ow %\\l!/) ¢l ls=1 = a :\(E

(S_7= é(fi)

A /)
Summary: we got eigenfunctions \S7+ = \—f\;_ ( 1) and \5-72 > (‘\)

corresponding to eigenvalues E = l\/’i? .
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Example 1

Now we return to our time-dependent Schrédinger equation and its general
solution:

—(Ent /R
1Sy= 3 ¢ Is1€

h=(, L

We know |$7, and E,. butneedtofind C,, .
’)
As before, we do so using the initial wave functionatt=0; | S(+=0)7= |47 = (o .

In this case, we can simply write the representation of |S(t=0) 5 via | S,

\S(£=o\7al47:(4o>= IL(”Jr %-('4i>

_ L) A A1\ -
-V'z{rz(4)+ ﬁ<,4)3 Glsit« 3 1si
\S 74 \ $)- = AEY

Alternatively, we could find ¢, as usual using
Cw=< S, | S(t=07

\ ]
c= 5t 0(,) = et

All we do now is plug in \ Shes Cw ,and E. into our general solution:

_et/hk P

\37:‘/_'/;( 3 |57, + € lS-?)
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Example 1

RANTIL —h-g)t /K
\
NP Fi( e 157+ + ¢ ‘57->

We can simplify it a bit:

_(ht/ _ilat/k 9tk
ektt,:e/ f (:)*6 ? (—14)]

I
|S> = Y

_\‘g‘t‘/t L?{-/t
-ihtik [ e e
. ok Lot/
5 e o ¢ - e
SR [ooslgti) | ) oy finad
1Sy = e -LS\N(QJ‘/J") resulh.

Note: this problem represents crude model of neutrino oscillation.

State {47  would be electron neutrino and state (27 would represent muon
neutrino. If off-diagonal term in the Hamiltonian 0}—# o , then electron neutrino can
turn with time into muon neutrino and back.
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Projection operator

N

The operator P = g7 <l ) where |d» is a normalized

state vector is called projection operator onto the subspace spanned by |5 since
it picks out the portion of any other vector that "lies along" |d7:

f’l{ﬁ: <l p7 147,
If {l CVJB is a discrete orthonormal basis,
ol €n7 = fmn
Then T lenv<¢lunl = 4
n

and Iy = 2 le.r¢elaldy
w

Lecture 16 Page 6



Example 2

Consider three-dimensional vector space spanned by orthonormal basis set

117, 129, 137, 147 and | (ﬂ are given by
147 = ¢l - 2l27 - i
lrﬂ = (17 =+ 213y
(&) Conskruck < pl (i kems 1) < <31,
(b) Find <pld.
(o> Find wmafrix elements Ay and Ap

of Fhe Opt,m,{”or /Asld7<{é| i s \Msn's.

Solution

(&) \rn= Vi o+ aldy = <(s\= <\ + 2<¢3)

(») < (Hohf—( vl 23ty - 202y - 037)

= LU AA7-20 <337 = -4

—’V -w
\ \

No\‘(/: all othe -‘{Yms /&/{QL <y =0
Sina <\‘/\57‘ g\‘) 'G)r or Fhonormal lmsl's set,

(¢) A Az An
/\ = A2| Azz, Az3
A’:\ A32_ A33
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Example 2

Ad«‘) =« ’LI A J7 <— matrix element AC[)

A, = <Al A= 44\&74(“47
A = <AV ALY = <4 plT

Ay = <Lty - 2l27- Clvy) (et 2 «31) 117
= v ) ey = 4
e

A\\ oH\cr Wms are  2Lro,

A\l:<4'°{7</5'27:0 sinu 4[5]2‘7 =0
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Example 3

On the subject of commutators

n—\
Show that [xn, Pj = 'l:th/'x'

Solution

We introduce a trial function :F
(27, p1g = {=p - px )
xw <_—\,'k c_‘f) + Lt _4:. (’in&)

dx dx

n—l . n ‘S'
= -k f;%fl knox § +1i:f/<§;

ik xwl 3(: for any § ),

Therefore,

1

I

[xW,P3= Ckwxmw
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