Lecture 12

Review: Dirac delta-function

It is infinitely high, infinitesimally narrow
8(%) spike whose area is 1.

[ £0
§(x) = 9, ;o

o0 L‘f X =0

P

x Jddx =4
—oP

Property of the delta-function:

£ §(x-a) = $(a) {(x-4)

This is the most important property of the delta-function:

v
S Llx) §lx-a)dx = 1)
— o

Class exercise 5

Evaluate the following integrals:

+1 2
@ { (P-3x +2x =) §( x+2) dy

-3

+1

(b) S ﬁYrJ({x\'l-‘S)g(I-l) cl)(
-A
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Class exercise 5

Evaluate the following integrals:

“+1 2

@ { (x*-3x +2x =1 §(xe2) dy
-3
+1

(b) S ev()(lxhﬂﬁ(x‘z)clx
—-A

Solution

+1

@ { (¥®-3x +2x -0 §lxe) dy =
-3 ~/V———/ —~—
L0 §(x+a)

3 2
= ) - 36D v2l2) -y = - 25

where we used

ff(x\ S(x-a) = —\C(m) {(x-a)

+1

(b) g ﬁY{J(leS)S(X—Z)Jx =0
-

since X = 2 is outside of the domain of integration.
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L12. P2

Delta-function potential:

Vix) = — A§(x)
ﬁ‘
some ‘oos:‘Jn‘u c«msl—mrl-

2
_x 4y Ay = E ¥
am  dx?

Bound staley (€ 20)
SC&‘H{YEV\? stader (E?o)

We found the bound states: Kx
K © (xe0)
ab(x) = b

N0 e (x=20)
=

_kx
(e However, we did not find the energies

or how many bound states we have.
In fact, we did not use the delta-function

at all!

/

We are going to integrate the Schrédinger equation from —¢ to +¢ and take the
limtat ¢ >0 .

2
_E Y seoy = €
Sm izt A Y
¢ ¢
e,
_E \ Ly 4, - S & E0) i) dye = %E\Hx\Jx
2m A)"L __% -¢
-t
\/-\r-\/ ‘ —_ N
A_K\i' @{M YE“’JX -0 (a'ruv widh
dx -% 6-’00 -t WJJ'L-W aw\J
Ak M‘/’*]
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L12.P3

*e
4\ . dv¢ dv d \ 2 0
A S\ el - 27 - — =-— ™ o §6)~ ) d
(Jx> E-‘»:\ dx L dx . d X | R e gi il
dx 'S
&
We now L,\LLVW\{V\Q A( >
kx
" e (xed)  dvlix= kice e | = wie
x) = —kx £x )
X 22) dyfy = - kize d¥fl |, =i

__L,\ 7..
mo \S‘Z mE
K = — k =
H* vy
£ ® mol ™
Allowed energy is E = - = — =
2m 24
The delta-function potential has only one bound state:
kN
r‘ ~mol | ‘/'li ‘ oo &
i\ (xy\ = — ¢ , E =- >
+ 2%
- K¥x ~ I
N '\’( . A0 = € or e
Wx — 1 [x)
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L12.P4

Scattering states (E > 0)

_& v
Am dx* E\‘/
(_L:'i = - %L\{a 'PQE AmE as fea/L anJ Pa/h"l\'\/b
dx? h
E’iz -—l‘é)(
X< o Vix) = Ae + Be
kx ke x

X7o v () = Fe + Ge

A (GO has ‘\‘o )x tovh mtowy ok X =0 =7

A+B = F+G

du ZMoL
Y - - 22— gl
Now we TRV A( dx_) ey °)
Vi) = A+ B
The derivatives are L
thx ~{R
x90 dv/dx = k(Fe -(ce )1 i¢/dx|+ = k(F-¢&)
i/zx -1‘4)4
XL o é‘j(/d)g = (Ae - Be )) d\(,/clx\_;{k (A,g)
. 2 m o
e (F-6) - th(A-8)= - 2" (A+B)
‘k'l.

Note: these are not normalizable states.
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L12.P5

Interpretation of our solution:
fi(x ._.l‘¢()<

tex - (kx
X L0 Y= Ae +Be X550 Y =Fe + ge

LEx

A C Fejtx
— N =/
~lKx G e—("cx _ (E‘fl“:
Be < (OW\A' -\"l'lna e L\M )

Typical scattering experiment: particles are fired from one direction. If they are
coming from the left, then G=0 (amplitude of particles coming from the right).

F :ampﬁ"!"“l‘ =
+rnn SMI“M"‘I vave

Azamplibade o4

incident wave

_Et K
(Ow\/f -H'lna e LM)

Returning to our equations —0
F + %: A+ R
=0

L‘é(F’/'A*{'B): - 2md (p+B)
’k'l.

we can find B and F in terms of A.
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L12. P6

m &
Introducing designation ﬁ‘:‘ ey Wi gvt’

F=ATB
F-A+8 ;%i% (A+B) = QL‘/A(AHS)

A/er—/zwrg = 9@{5 C A+ B)

p(i-cpy = v A

1,‘ amplitude of
s- LA ’

1- 1‘f5 the reflected wave

F=A+B = A + l\ﬂA = A'c/f{*m‘ing
l—{(s /\—6(5

A amplitude of the

| =~ (5 transmitted wave

{

Reflection coefficient R: relative probability that incident particle will be
reflected back.

18V2| _P°
AL ® L=+
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mo ©

The relative probability of transmission is given by the transmission
coefficient T defined as

E=1ka 4
\ o \A\‘L /\.* %
Sum of R and T has to be 1.
R+"717 =4
1 1
T —T—— =
* /\+(MQ1/2¢;1E)

|+
' ]

The higher the energy, the larger is
transmission coefficient.

As we already know, the solution to the problem that our stationary states are not
normalizable is to form linear combinations of states as we did for the free particle.
The true particles are represented by the wave packets (involving range of energies).

Rand T are then interpreted as approximate reflection and transmission coefficients for
particles with energies in the vicinity of E.
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