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Excitation energies of the ns, npj, ndj, nf j, and ngj states with n�7 in neutral potassium are evaluated.
First-, second-, third-, and all-order Coulomb energies and first- and second-order Coulomb-Breit energies are
calculated. Reduced matrix elements, oscillator strengths, transition rates, and lifetimes are determined for
levels up to n=9–12. Electric-dipole �4s1/2-npj, n=4–26�, electric-quadrupole �4s1/2-ndj, n=3–26�, and
electric-octupole �4s1/2-nf j, n=4–26� matrix elements are calculated to obtain the ground state E1, E2, and E3

static polarizabilities. Scalar and tensor polarizabilities for the 4pj excited state in K I are also calculated. All
the above-mentioned matrix elements are determined using the all-order method. We also investigate the
hyperfine structure in 39K. The hyperfine A values are determined for the first low-lying levels up to n=7. The
quadratic Stark effect on hyperfine structure levels of the 39K ground state is investigated. The calculated shift
for the �F=2,M =0�↔ �F=1,M =0� transition is found to be −0.0746 Hz / �kV /cm�2, in agreement with the
experimental value −0.071�0.002 Hz / �kV /cm�2. These calculations provide a theoretical benchmark for
comparison with experiment and theory.
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I. INTRODUCTION

We report results of ab initio calculations of excitation
energies, lifetimes, hyperfine constants, and polarizabilities
in neutral potassium. The lifetime of the potassium 5p1/2
state was recently measured by pulsed excitation followed by
nonresonant photoionization to monitor the state population
�1�. The authors of this paper underlined that measurements
of lifetimes of atomic alkali-metal states provide useful tests
of many-body ab initio wave functions. Very recently, the
theoretical and experimental values of the 5f , 6f , 7f , and 8f
radiative lifetimes of neutral potassium were reported �2�.
The experiment was performed in a cell using time-resolved
fluorescence spectroscopy. The nf states were excited step-
wise, 4s→4p→nf , using two pulsed synchronous dye lasers
for the dipole and quadrupole transitions, respectively. The
reduced matrix elements for all allowed electric-dipole
nf5/2-n�d5/2, nf5/2-n�d3/2, and nf7/2-n�d5/2 transitions with n
=5–8 in K were calculated using the relativistic linearized
coupled-cluster method with single and double excitations of
Dirac-Fock wave functions included to all orders in many-
body perturbation theory �2�.

Relativistic many-body calculations of energy levels, hy-
perfine constants, electric-dipole matrix elements, and static
polarizabilities for alkali-metal atoms were presented by Sa-
fronova et al. �3�. Only a few low-lying states were consid-
ered in that work �3�. In the present paper, the relativistic
all-order method is used to calculate the atomic properties of
neutral potassium for the ns, npj, ndj, nf j, and ngj �n�12�
states. We evaluate a large number of transition matrix ele-
ments to calculate lifetimes of the ns1/2 �n=5–12�, npj �n
=4–12�, ndj �n=4–10�, and nf j �n=4–9� states, and E1, E2,
and E3 ground-state polarizabilities.

Previously, the potassium atom has been studied in a
number of experimental �4–29� and theoretical �30–42� pa-
pers. First experimental measurements were published more

than 50 years ago by Stephenson �4�. The lifetimes of the
4p1/2,3/2 �27.1�0.9 ns� states were measured using a mag-
netic rotation method. Some years later, the hyperfine struc-
ture of 39K in the 4p1/2,3/2 states was measured using the
atomic-beam magnetic resonance method �5�. Measurements
of the electric polarizability of potassium were presented by
Salon et al. in 1961 �8�. The atomic beam E-H gradient bal-
ance method was used in Ref. �8�.

The radiative lifetimes of the 7s-11s and 5d-9d states of
potassium measured by means of time- and wavelength-
resolved laser-induced-fluorescence approaches were pre-
sented by Gallagher and Cooke �19�. Those measurements
were repeated later by Hart and Atkinson �25�. In that paper,
radiative lifetimes of the 6s-12s, 3d, and 5d-10d excited
states in potassium were measured by time-resolved laser-
induced fluorescence using two-photon excitation. Hart and
Atkinson �25� noted that their results were systematically
smaller than those of Gallagher and Cooke �19�. Precise de-
termination of the dipole matrix elements and radiative life-
times of the 39K 4p1/2 and 4p3/2 states by photoassociative
spectroscopy was presented recently by Wang et al. �28�.

Hyperfine structure of the first excited 4p3/2 and 5p3/2
states of 39K measured using the optical level-crossing
method was presented by Schmieder et al. �11�. Cascade
radio-frequency spectroscopy was used to determine the hy-
perfine structures of the excited 5s and 6s states of the stable
potassium isotopes �14�. Using the optical double resonance
and level crossing methods, the properties of several excited
�5dj, 6dj, 6pj, 7pj, 8s, and 10s� states in 39K were studied by
Belin et al. �17�. The ns and nd states were populated using
stepwise excitation with the first np state used as an interme-
diate level �17�. Hyperfine quantum-beat spectroscopy was
utilized in a pump-probe configuration to measure magnetic
dipole �A� and electric quadrupole �B� coupling constants in
the 3d3/2,5/2 levels of three isotopes of potassium �39K, 40K,
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and 41K� �27�. For many of these levels, the largest hyperfine
splitting is smaller than the natural width, therefore a sub-
natural linewidth technique was used by Sieradzan et al.
�27�.

Measurements of the Stark shift of the �F=2 M
=0�↔ �F=1 M =0� ground-state hyperfine interval in K
were carried out by Snider �10�
�−0.0760�0.0076 Hz / �kV /cm�2� and by Mowat �13�
�−0.071�0.002 Hz / �kV /cm�2�. The corresponding
theoretical values were evaluated by Kelly et al. �31�
�−0.061 Hz / �kV /cm�2� and by Lee et al. �32�
�−0.0683 Hz / �kV /cm�2�.

Dipole transition probabilities, oscillator strengths, life-
times, and branching ratios derived from a numerical Cou-
lomb approximation were presented by Lindgard and Nielsen
�33� for the alkali-metal isoelectronic sequences from Li I up
to Fr I. Modified Coulomb approximation with the effects of
core polarization and spin-orbit interaction was used by
Theodosiou �35� to evaluate lifetimes of alkali-metal atom
Rydberg states. Fully relativistic model potential calculations
were carried out by Migdalek and Kim to calculate oscillator
strengths in neutral potassium, rubidium, and cesium �38�. In
that paper, the authors demonstrated that the spin-orbit inter-
action cannot be solely responsible for the observed anoma-
lous ratios of the oscillator strengths in those systems. They
concluded that the anomalous ratios result from the interplay
of spin-orbit interaction, core-valence electron correlation
�core polarization�, and cancellations in transition integrals.

One of the first high-precision ab initio calculations of
atomic properties of alkali-metal atoms was presented by
Johnson et al. �37�. Third-order many-body perturbation
theory was used to obtain E1 transition amplitudes for ions
of the lithium and sodium isoelectronic sequences and for the
neutral alkali-metal atoms from potassium to francium.
Complete angular reductions of the first-, second-, and third-
order amplitudes were given. For neutral alkali-metal atoms,
amplitudes of the np1/2→ns1/2, np3/2→ns1/2, �n+1�s1/2
→np1/2, and �n+1�s1/2→np3/2 transitions, where n is the
principal quantum number of the valence electron in the
atomic ground state, were evaluated �37�. Ground- and
excited-state energies, ionization potentials, and electron af-
finities were calculated for all the alkali-metal atoms using
the relativistic Fock-space singles-doubles coupled-cluster
�CCSD� method in Ref. �43�. High-accuracy calculation of
the removal energies of Rb, Cs, Fr and element 119 was
carried out in Ref. �44� using the CCSD method starting
from Dirac-Coulomb-Breit Hamiltonian. We already men-
tioned above the relativistic many-body calculations of
atomic properties for alkali-metal atoms presented by Sa-
fronova et al. �3�. Those calculations were carried out using
the relativistic single-double �SD� method in which single
and double excitations of Dirac-Fock wave functions are in-
cluded to all orders of perturbation theory. Using SD wave
functions, accurate values of removal energies, electric-
dipole matrix elements, hyperfine constants, and static polar-
izabilities were obtained �3�.

In the present work, we also use the relativistic single-
double method, however we increase the number of basis-set
orbitals up to 70 instead of 40 used in �3� to increase the
number of states considered. We use B-splines �45� to gen-

erate a complete set of Dirac-Fock �DF� basis orbitals for use
in the evaluation of all atomic properties. The present calcu-
lation of the lifetimes and polarizabilities required accurate
representation of rather highly excited states, such as
6lj-13lj, leading to the use of the large R=220 a.u. cavity for
the generation of the finite basis set and higher number of
splines to produce high-accuracy single-particle orbitals.

The main motivation for this work is to provide recom-
mended values for a number of atomic properties via a sys-
tematic high-precision study for use in planning and analysis
of various experiments as well as theoretical modeling. An-
other motivation is to study the methods to accelerate con-
vergence of the all-order iterative scheme for the nd states.
We have tested an approach that significantly reduced the
time required for the calculation of the all-order excitation
coefficients without loss of accuracy. Moreover, our tests
demonstrate the improvement of the accuracy over the origi-
nal scheme. Such a method is of importance to evaluating the
properties of the nd states in heavy systems where the cal-
culation time is significant or for a combination of the all-
order and configuration-interaction methods where the calcu-
lations have to be carried out for a large number of states.

II. THIRD-ORDER AND ALL-ORDER CALCULATIONS
OF ENERGIES

Energies of nlj states in K I are evaluated for n�7 and
l�3 using both third-order relativistic many-body perturba-
tion theory �RMBPT� and the single-double �SD� all-order
method discussed in Ref. �47�, in which single and double
excitations of Dirac-Fock �DF� wave functions are iterated to
all orders. Results of our energy calculations are summarized
in Table I. Columns 2-8 of Table I give the lowest-order DF
energies E�0�, second-order and third-order Coulomb correla-
tion energies E�2� and E�3�, first-order and second-order Breit
corrections B�1� and B�2�, and an estimated Lamb shift con-
tribution, E�LS�. The Lamb shift E�LS� is calculated as the sum
of the one-electron self-energy and the first-order vacuum-
polarization energy. The vacuum-polarization contribution is
calculated from the Uehling potential using the results of
Fullerton and Rinker �48�. The self-energy contribution is
estimated for the s, p1/2, and p3/2 orbitals by interpolating
among the values obtained by Mohr �49–51� using Coulomb
wave functions. For this purpose, an effective nuclear charge
Zeff is obtained by finding the value of Zeff required to give a
Coulomb orbital with the same average �r� as the DF orbital.
It should be noted that the values of E�LS� are very small. For
states with l�0, the Lamb shift is estimated to be smaller
than 0.1 cm−1 using scaled Coulomb values and is ignored.
We list the all-order SD energies in the column labeled ESD

and list that part of the third-order energies missing from ESD

in the column labeled Eextra
�3� . The sum of the seven terms E�0�,

ESD, Eextra
�3� , B�1�, B�2�, and E�LS� is our final all-order result

Etot
SD, listed in the eleventh column of Table I. Recommended

energies from the National Institute of Standards and Tech-
nology �NIST� database �46� are given in the column labeled
ENIST. Differences between our third-order and all-order cal-
culations and experimental data, �E�3�=Etot

�3�−ENIST and
�ESD=Etot

SD−ENIST, are given in the two final columns of
Table I, respectively.
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As expected, the largest correlation contribution to the
valence energy comes from the second-order term E�2�.
Therefore, we calculate E�2� with higher numerical accuracy.
The second-order energy includes partial waves up to lmax
=8 and is extrapolated to account for contributions from
higher partial waves �see, for example, Refs. �52,53� for de-
tails of the extrapolation procedure�. As an example of the
convergence of E�2� with the number of partial waves l, con-
sider the 4s1/2 state. Calculations of E�2� with lmax=6 and 8
yield E�2��4s1/2�=−2717.8 and −2727.4 cm−1, respectively.
Extrapolation of these calculations yields −2734.0 and
−2734.2 cm−1, respectively. Thus, in this particular case, we
have a numerical uncertainty in E�2��4s1/2� of 0.2 cm−1. It
should be noted that the 16.7 cm−1 contribution from partial

waves with l�6 for the 4s state is the largest among all
states considered in Table I; smaller �about 4–6 cm−1� con-
tributions are obtained for the 3d, 4p, and 4d states and
much smaller contributions �0.5–1.5 cm−1� are obtained for
n=5 states.

Owing to numerical complexity, we restrict l� lmax=6 in
the ESD calculation. As noted above, the second-order con-
tribution dominates ESD; therefore, we can use the extrapo-
lated value of the E�2� described above to account for the
contributions of the higher partial waves. Six partial waves
are also used in the calculation of E�3�. Since the asymptotic
l dependences of the second- and third-order energies are
similar �both fall off as l−4�, we use the second-order remain-
der as a guide to estimate the remainder in the third-order

TABLE I. Zeroth-order �DF�, second-, and third-order Coulomb correlation energies E�n�, single-double Coulomb energies ESD, Eextra
�3� ,

first-order Breit, and second-order Coulomb-Breit corrections B�n� to the energies of K I. The total energies �Etot
�3�=E�0�+E�2�+E�3�+B�1�

+B�2�+E�LS�, Etot
SD=E�0�+ESD+Eextra

�3� +B�1�+B�2�+E�LS�� for K I are compared with experimental energies ENIST �46�, �E=Etot−ENIST. Units:
cm−1.

nlj E�0� E�2� E�3� B�1� B�2� E�LS� Etot
�3� ESD Eextra

�3� Etot
SD ENIST �E�3� �ESD

4s1/2 −32370 −2734.0 449.3 8.6 −10.3 0.9 −34656 −2887.1 291.1 −34967 −35010 354 43

4p1/2 −21006 −1012.8 136.7 4.6 −3.3 0.0 −21881 −1119.4 102.0 −22023 −22025 143 2

4p3/2 −20959 −1000.6 134.9 3.3 −3.6 0.0 −21825 −1105.6 100.7 −21965 −21967 142 2

3d3/2 −12744 −608.6 88.0 0.5 −2.3 0.0 −13267 −764.1 60.7 −13450 −13473 206 23

3d5/2 −12747 −608.5 87.9 0.3 −2.3 0.0 −13270 −763.8 60.6 −13452 −13475 205 23

4d3/2 −7205 −337.9 53.6 0.4 −1.6 0.0 −7491 −426.8 33.7 −7600 −7612 121 12

4d5/2 −7207 −337.7 53.5 0.2 −1.5 0.0 −7492 −426.3 33.6 −7601 −7613 120 12

4f5/2 −6859 −22.5 1.5 0.0 0.0 0.0 −6880 −24.2 2.3 −6881 −6882 2 1

4f7/2 −6859 −22.5 1.5 0.0 0.0 0.0 −6880 −24.2 2.3 −6881 −6882 2 1

5s1/2 −13407 −628.0 109.1 2.3 −2.6 0.1 −13926 −621.0 68.0 −13960 −13983 57 23

5p1/2 −10012 −304.5 43.9 1.6 −1.2 0.0 −10272 −322.8 30.8 −10304 −10308 36 5

5p3/2 −9996 −301.2 43.4 1.2 −1.3 0.0 −10254 −319.4 30.4 −10285 −10290 36 5

5d3/2 −4596 −191.8 31.4 0.2 −1.0 0.0 −4757 −240.6 19.1 −4818 −4824 67 6

5d5/2 −4597 −191.6 31.4 0.1 −0.9 0.0 −4758 −240.1 19.1 −4819 −4825 67 6

5f5/2 −4390 −12.9 0.9 0.0 0.0 0.0 −4402 −13.9 1.3 −4403 −4403 1 1

5f7/2 −4390 −12.9 0.9 0.0 0.0 0.0 −4402 −13.9 1.3 −4403 −4403 1 1

5g7/2 −4389 −3.1 0.2 0.0 0.0 0.0 −4392 −3.3 0.3 −4392 −4392 0 0

6s1/2 −7338 −244.5 43.2 0.9 −1.1 0.0 −7540 −237.1 26.6 −7549 −7559 20 10

6p1/2 −5882 −134.0 19.7 0.7 −0.5 0.0 −5996 −137.6 13.6 −6005 −6011 15 5

6p3/2 −5874 −132.7 19.5 0.5 −0.6 0.0 −5987 −136.2 13.4 −5997 −6002 15 5

6d3/2 −3177 −116.3 19.4 0.1 −0.6 0.0 −3274 −144.8 11.6 −3310 −3314 40 3

6d5/2 −3177 −116.2 19.3 0.1 −0.6 0.0 −3275 −144.5 11.6 −3311 −3314 39 3

6f5/2 −3049 −7.9 0.6 0.0 0.0 0.0 −3056 −8.5 0.8 −3056 −3057 1 0

6f7/2 −3049 −7.9 0.6 0.0 0.0 0.0 −3056 −8.5 0.8 −3056 −3057 1 0

6g7/2 −3048 −2.0 0.1 0.0 0.0 0.0 −3050 −2.1 0.2 −3050

7s1/2 −4627 −120.5 21.5 0.5 −0.5 0.0 −4727 −115.8 13.1 −4730 −4736 9 5

7p1/2 −3872 −71.0 10.5 0.4 −0.3 0.0 −3932 −73.7 7.2 −3938 −3940 8 2

7p3/2 −3868 −70.3 10.4 0.3 −0.3 0.0 −3928 −73.0 7.1 −3934 −3935 8 2

7d3/2 −2324 −75.8 12.7 0.1 −0.4 0.0 −2387 −93.4 7.6 −2410 −2411 24 1

7d5/2 −2324 −75.7 12.7 0.1 −0.4 0.0 −2387 −93.2 7.5 −2410 −2412 24 1

7f5/2 −2240 −5.2 0.4 0.0 0.0 0.0 −2245 −5.5 0.5 −2245 −2245 0 0

7f7/2 −2240 −5.2 0.4 0.0 0.0 0.0 −2245 −5.5 0.5 −2245 −2245 0 0

7g7/2 −2240 −1.3 0.1 0.0 0.0 0.0 −2241 −1.44 0.1 −2241
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contribution. The term Eextra
�3� in Table I, which accounts for

that part of the third-order MBPT energy missing from the
SD expression for the energy, is smaller than E�3� by an order
of magnitude for the states considered here.

The column labeled �ESD in Table I gives differences be-
tween our ab initio results and the experimental values �46�.
The SD results agree better with measured values than do the
third-order MBPT results �the ratio of �E�3� /�ESD is about 10
for some of cases�, illustrating the importance of fourth- and
higher-order correlation corrections.

III. ELECTRIC-DIPOLE MATRIX ELEMENTS,
OSCILLATOR STRENGTHS, TRANSITION RATES,

AND LIFETIMES IN NEUTRAL POTASSIUM

A. Electric-dipole matrix elements

The calculation of the transition matrix elements provides
another test of the quality of atomic-structure calculations
and another measure of the size of correlation corrections.
Reduced electric-dipole matrix elements between low-lying
states of K I calculated in the third-order RMBPT and in the
all-order SD approximation are presented in Table II. We
include only a limited number of transitions in this table to
illustrate our results.

Our calculations of reduced matrix elements in the lowest,
second, and third orders are carried out following the method
described in Ref. �55�. The lowest-order DF values labeled
Z�DF� are given in the third column of Table II. The values
Z�DF+2� are obtained as the sum of the second-order correla-
tion correction Z�2� and the DF matrix elements Z�DF�. It
should be noted that the second-order Breit correction B�2� is
rather small in comparison with the second-order Coulomb
correction Z�2� �the ratio of B�2� to Z�2� is about 1–2 %�.

The third-order matrix elements Z�DF+2+3� include the DF
values, the second-order Z�2� results, and the third-order Z�3�

correlation correction. Z�3� includes random-phase-
approximation terms �RPA� iterated to all orders, Brueckner
orbital �BO� corrections, structural radiation Z�SR�, and nor-
malization Z�NORM� terms �see �56� for definition of these
terms�.

The terms Z�RPA� and Z�BO� give the largest contributions
to Z�3�. The sum of terms Z�RPA� and Z�BO� is about 10% of
the Z�DF� term and has a different sign for the 4s-4p and

3d-4p transitions. The value of Z�BO� becomes the largest
contribution for the 4p-4d transitions and decreases the value
of Z�DF+2+3� by a factor of 2 in comparison with the Z�DF�

term. The structural radiation Z�SR� and normalization
Z�NORM� terms are small. All results given in Table II are
obtained using the length form of the matrix elements.
Length-form and velocity-form matrix elements differ typi-
cally by 5–20 % for the DF matrix elements and 2–5 % for
the second-order matrix elements in these calculations.

Electric-dipole matrix elements evaluated in the all-order
SD approximation are given in columns labeled Z�SD� of
Table II. The SD matrix elements Z�SD� include Z�3� com-
pletely, along with important fourth- and higher-order correc-
tions. The fourth-order corrections omitted from the SD ma-
trix elements were discussed recently in �57�. The Z�SD�

values are smaller than the Z�DF+2� values and larger than the
Z�DF+2+3� values for some transitions given in Table II.

To obtain the all-order matrix elements, we first need to
calculate the all-order excitation coefficients using an itera-
tive procedure �3�. The correlation contributions to matrix
elements are linear of quadratic functions of the excitation
coefficients. The iteration procedure is terminated when the
relative change in the correlation energy in two consecutive
iterations is sufficiently small �10−5 in the present calcula-
tions�. While the ns and np state calculations require just a
few iterations, the iterative procedure for the nd state in gen-
eral converges very slowly requiring over 20 iterations ow-
ing to large correlation corrections leading to large oscilla-
tions of energy values in subsequent iterations. The resulting
values of energies are also in relatively poor agreement with
experiment, again, owing to large correlation corrections
from excluded triple- and higher-excitation terms. The corre-
lation corrections for most of the transition properties of the
nd states are dominated by the term containing the single
valence excitation coefficients that are closely related to the
correlation energy �58�. In fact, it has been demonstrated �see
�58–60� and references therein�, that scaling of the single
excitation coefficients with the exact correlation energy
value �i.e., multiplying the single valence excitation coeffi-
cients �mv by the ratio of the “experimental” to correspond-
ing theoretical correlation energy values and recalculating
the matrix element values with modified coefficients� leads
to more precise results. Therefore, if the excitation coeffi-
cients correspond to accurate energies, the corresponding
transition matrix elements involving nd states are expected to
be more accurate. To verify this statement, we have made
two different calculations for the nd states. First, we contin-
ued iteration until the energy sufficiently converged �after 23
iterations�. Secondly, we stopped the iteration procedure at
the point where the correlation energy is the closest to its
experimental value, which happens after only three iterations
owing to large oscillations of the energy values. We note that
each iteration essentially picks up one more order of pertur-
bation theory in each correlation term. We note that the en-
ergy after three iterations is much closer to the experimental
value than the final result. Finally, we carried out the scaling
procedure of the single excitation coefficients in both cases.
A summary of these results and comparison with the recom-
mended values obtained from the experimental Stark shifts
in Ref. �54� for the 4p-3d transitions is given in Table III.

TABLE II. Reduced electric-dipole matrix elements calculated
to first, second, third, and all orders of RMBPT in K I.

Transition Z�DF� Z�DF+2� Z�DF+2+3� Z�SD�

4s1/2 4p1/2 4.5546 4.3979 4.0834 4.0982

4s1/2 4p3/2 6.4391 6.2186 5.7727 5.7939

4p1/2 4d3/2 0.7691 0.6960 0.2805 0.1137

4p3/2 4d3/2 0.3359 0.3036 0.1154 0.0403

4p3/2 4d5/2 1.0028 0.9055 0.3417 0.1177

3d3/2 4p1/2 8.5962 8.4667 7.9969 3.5569

3d3/2 4p3/2 3.8546 3.7966 3.5873 3.5569

3d5/2 4p3/2 11.5637 11.3896 10.7616 10.6708
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This table confirms our earlier supposition that ending the
iteration procedure at the correct energy value would pro-
duce more accurate results for the transition properties of the
nd states, while significantly reducing the required computa-
tion time.

B. Transition rates, oscillator strengths, and line strengths
in potassium

Transition rates Ar�s−1�, oscillator strengths �f�, and line
strengths S �a.u.� for the 4pj-ns, 4pj-ndj�, 3dj-npj�, and
3dj-nf j� transitions in K I calculated in the SD approximation
are summarized in Table IV. To provide recommended val-
ues for these properties, we carried out the scaling procedure
described above where appropriate. We use recommended
NIST energies �46� in the calculation of the transition rates
Ar and oscillator strengths f . In Table IV, we divide transi-
tions into groups according to the initial state for better pre-
sentation. We evaluate the 4s-npj and 4pj-ns transitions with
n up to n=13, the 3dj-npj� transitions up to n=12, the
4pj-ndj� transitions up to n=11, and the 3dj-nf j� transitions
up to n=9. In all these cases, we check the quality of our
functions created in an R=220 a.u. cavity with N=70 splines
by comparing the nlj-nlj�

� dipole matrix elements evaluated
using the B-spline basis-set orbitals and directly obtained DF
values.

C. Lifetimes in potassium

We calculate the lifetimes of the ns1/2 �n=5–12�, npj �n
=4–12�, ndj �n=3–10�, and nf j �n=4–9� states in potas-
sium using the SD results for dipole matrix elements and
NIST data for energies �46�. We list lifetimes ��SD� obtained
by the SD method in Table V and compare our values with
available experimental �1,2,11,25,26,28� and theoretical
�3,35� results. We also quote the SD scaled data where ap-
propriate. We find that while the scaling significantly modi-
fies certain small matrix elements, it does not significantly
change ab initio lifetimes.

We already mentioned that the first lifetime measurements
were published more than 50 years ago by Stephenson �4�.
The lifetimes of the 4p1/2,3/2 �27.1�0.9 ns� states were mea-
sured using a magnetic rotation method. Almost 50 years
later, photoassociative spectroscopy was used to determine
the lifetimes of the 4p1/2,3/2 states �28�. New results are
��4p1/2�=26.69�0.05 ns and ��4p3/2�=26.34�0.05 ns. The

two sets of measurements of the ns and nd lifetimes by Gal-
lagher and Cooke �19� and by Hart and Atkinson �25� have
slightly different error bars. In Table V, we use measure-
ments from Ref. �25� since they were the most recent ones.
The radiative lifetimes of the fine-structure components of
the 5p, 6p, and 7p states in potassium determined using tech-
niques of laser-induced fluorescence were presented by Ber-
ends et al. �26�; these values are used in our table. Finally,
experimental values of the 5f , 6f , 7f , and 8f radiative life-
times of neutral potassium reported recently in Ref. �2� were
included in the experimental set of Table V.

The last column of Table V �labeled �th� lists other avail-
able theoretical lifetimes. Results given by Hart and Atkin-
son �25� and Theodosiou �35� were obtained using the modi-
fied Coulomb approximation. Relativistic all-order values
were presented by Safronova et al. �3� and Glódź et al. �2�.

Our SD results are in excellent agreement with experi-
mental results when experimental uncertainties are taken into
account. The largest disagreement �about 15%� is between
�SD and �expt for the 5d3/2 and 6d3/2 states. However, our �SD

value agrees better with the �expt value for the 6d3/2 state than
the �th value presented in the same paper as the �expt value
�25�. We find similar comparisons for the 7d3/2, 8d3/2, and
9d3/2 states. We already mentioned previously that for the
np-n�d transitions, the value of Z�BO� becomes very large and
decreases the value of Z�DF+2+3� by a factor of 2 in compari-
son with the Z�DF� term. In these cases, triple excitations
become important and need to be taken into account to im-
prove results.

IV. STATIC MULTIPOLE POLARIZABILITIES
OF THE 4s GROUND STATE OF NEUTRAL K

The static multipole polarizability �Ek of K in its 4s
ground state can be separated into two terms: a dominant
first term from intermediate valence-excited states, and a
smaller second term from intermediate core-excited states.
The latter term is smaller than the former one by several
orders of magnitude and is evaluated here in the random-
phase approximation �62�. The dominant valence contribu-
tion is calculated using the sum-over-state approach,

�v
Ek =

1

2k + 1�
n

��nlj	rkCkq	4s��2

Enlj − E4s
, �1�

where Ckq�r̂� is a normalized spherical harmonic and where
nlj is npj, ndj, and nf j for k=1, 2, and 3, respectively �63�.

TABLE III. Comparison of the 3d-4p electric-dipole matrix elements obtained with different values of the
all-order excitation coefficients. The three iterations correspond to nearly experimental value of the correla-
tion energy. The 23 iterations yield fully converged all-order SD results. The corresponding scaled data are
given in columns labeled SDsc. The SDpT ab initio calculations partially include triple excitations. The
results are compared with the recommended values obtained from the Stark shift data in Ref. �54�.

Transition SD SD SDsc SDsc SDpT Ref. �54�

3 iter. 23 iter. 3 iter. 23 iter.

3d3/2-4p1/2 7.930 7.868 7.971 7.949 7.956 7.984

3d3/2-4p3/2 3.557 3.529 3.575 3.565 3.568 3.580

3d5/2-4p3/2 10.671 10.587 10.724 10.696 10.708 10.741
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The reduced matrix elements in the above sum are evaluated
using the SD approximation for basis states with n�26, and
in the DF approximation for the remaining states, scaling is
included into E2 and E3 matrix elements.

Contributions to dipole, quadrupole, and octupole polar-
izabilities of the 4s ground state are presented in Table VI.
The first two terms in the sum over states for �E1, �E2, and
�E3 contribute 99.6%, 95.1%, and 44.6%, respectively, of the
totals. The rapid convergence of the sum over states for �E1

has been emphasized in many publications �for example,
Refs. �3,40��. We use recommended energies from �46� and
SD wave functions to evaluate terms in the sum with n
�13, and we use theoretical SD energies and wave functions
to evaluate terms with 13�n�26. The remaining contribu-
tions to �Ek from basis functions with 27�n�70 are evalu-

ated in the DF approximation. As one can see from Table VI,
sums over n for n�26 in �E2 and �E3 essentially reproduce
the final results, since the contributions from 27�n�70 are
smaller than 0.01% in all cases.

Final results for the multipole polarizabilities of the
ground state K I are compared in Table VI with high-
precision calculations given in Refs. �40,61� and experimen-
tal measurements presented in Refs. �15,16�. Scaled values
�SDsc� are included to provide recommended values for the
E2 and E3 polarizabilities. Our results agree with values
given by Derevianko et al. �40� for the dipole polarizability
taking into account the uncertainty given in �40�. The uncer-
tainty in the experimental measurements �15,16� of the di-
pole polarizability is too large to reflect on the accuracy of
the present calculations. Scaled values �SDsc� are included to

TABLE IV. Wavelengths � �Å�, transition rates Ar �s−1�, oscillator strengths �f�, and line strengths S �a.u.� for transitions in K I calculated
using the all-order method; scaling is included for transition to states with n up to n=7. Numbers in brackets represent powers of 10.

Transition � Ar f S Transition � Ar f S

4p1/2 5s1/2 12435.7 7.95�6� 1.84�−1� 1.51�1� 3d3/2 5p1/2 31601.6 1.65�6� 1.23�−1� 5.13�1�
4p1/2 6s1/2 6913.0 2.50�6� 1.79�−2� 8.16�−1� 3d3/2 6p1/2 13400.7 4.47�5� 6.02�−3� 1.06�0�
4p1/2 7s1/2 5784.0 1.19�6� 5.95�−3� 2.27�−1� 3d3/2 7p1/2 10490.0 2.17�5� 1.79�−3� 2.47�−1�
4p1/2 8s1/2 5324.8 6.64�5� 2.82�−3� 9.90�−2� 3d3/2 8p1/2 9354.1 1.24�5� 8.13�−4� 1.00�−1�
4p1/2 9s1/2 5085.6 4.09�5� 1.59�−3� 5.31�−2� 3d3/2 9p1/2 8769.5 7.79�4� 4.49�−4� 5.19�−2�
4p1/2 10s1/2 4943.4 2.70�5� 9.89�−4� 3.22�−2� 3d3/2 10p1/2 8422.3 5.23�4� 2.78�−4� 3.08�−2�

4p1/2 3d3/2 11693.4 2.01�7� 8.25�−1� 6.35�1� 3d3/2 5p3/2 31415.4 1.66�5� 2.46�−2� 1.02�1�
4p1/2 4d3/2 6938.2 1.90�4� 2.75�−4� 1.26�−2� 3d3/2 6p3/2 13385.6 4.54�4� 1.22�−3� 2.15�−1�
4p1/2 5d3/2 5813.8 2.86�5� 2.90�−3� 1.11�−1� 3d3/2 7p3/2 10485.0 2.21�4� 3.64�−4� 5.02�−2�
4p1/2 6d3/2 5344.5 3.86�5� 3.30�−3� 1.16�−1� 3d3/2 8p3/2 9351.8 1.26�4� 1.65�−4� 2.03�−2�
4p1/2 7d3/2 5098.6 3.39�5� 2.64�−3� 8.87�−2� 3d3/2 9p3/2 8768.1 7.92�3� 9.13�−5� 1.05�−2�
4p1/2 8d3/2 4952.2 2.79�5� 2.05�−3� 6.69�−2� 3d3/2 10p3/2 8421.5 5.31�3� 5.65�−5� 6.27�−3�

4p3/2 5s1/2 12525.6 1.58�7� 1.86�−1� 3.06�1� 3d5/2 5p3/2 31392.7 1.50�6� 1.48�−1� 9.15�1�
4p3/2 6s1/2 6940.7 4.95�6� 1.79�−2� 1.63�0� 3d5/2 6p3/2 13381.5 4.11�5� 7.36�−3� 1.95�0�
4p3/2 7s1/2 5803.4 2.35�6� 5.93�−3� 4.53�−1� 3d5/2 7p3/2 10482.5 1.99�5� 2.18�−3� 4.52�−1�
4p3/2 8s1/2 5341.2 1.31�6� 2.81�−3� 1.98�−1� 3d5/2 8p3/2 9349.8 1.14�5� 9.92�−4� 1.83�−1�
4p3/2 9s1/2 5100.6 8.10�5� 1.58�−3� 1.06�−1� 3d5/2 9p3/2 8766.4 7.14�4� 5.48�−4� 9.49�−2�
4p3/2 10s1/2 4957.5 5.34�5� 9.84�−4� 6.43�−2� 3d5/2 10p3/2 8419.8 4.79�4� 3.39�−4� 5.64�−2�

4p3/2 3d3/2 11772.9 3.97�6� 8.24�−2� 1.28�1� 3d3/2 4f5/2 15172.5 1.45�7� 7.51�−1� 1.50�2�
4p3/2 4d3/2 6966.1 2.40�3� 1.75�−5� 1.60�−3� 3d3/2 5f5/2 11025.7 6.10�6� 1.67�−1� 2.42�1�
4p3/2 5d3/2 5833.3 6.13�4� 3.13�−4� 2.40�−2� 3d3/2 6f5/2 9600.4 3.21�6� 6.65�−2� 8.41�0�
4p3/2 6d3/2 5361.0 8.06�4� 3.47�−4� 2.45�−2� 3d3/2 7f5/2 8906.5 1.91�6� 3.41�−2� 4.00�0�
4p3/2 7d3/2 5113.6 7.02�4� 2.75�−4� 1.85�−2�
4p3/2 8d3/2 4966.4 5.76�4� 2.13�−4� 1.39�−2� 3d5/2 4f5/2 15167.2 1.04�6� 3.57�−2� 1.07�1�

3d5/2 5f5/2 11022.9 4.36�5� 7.94�−3� 1.73�0�

4p3/2 3d5/2 11776.1 2.38�7� 7.42�−1� 1.15�2� 3d5/2 6f5/2 9598.3 2.29�5� 3.17�−3� 6.00�−1�
4p3/2 4d5/2 6966.6 1.37�4� 1.49�−4� 1.37�−2� 3d5/2 7f5/2 8904.6 1.37�5� 1.63�−3� 2.86�−1�
4p3/2 5d5/2 5833.5 3.71�5� 2.84�−3� 2.18�−1�
4p3/2 6d5/2 5361.1 4.86�5� 3.14�−3� 2.22�−1� 3d5/2 4f7/2 15167.2 1.55�7� 7.15�−1� 2.14�2�
4p3/2 7d5/2 5113.7 4.23�5� 2.49�−3� 1.67�−1� 3d5/2 5f7/2 11022.9 6.54�6� 1.59�−1� 3.46�1�
4p3/2 8d5/2 4966.4 3.46�5� 1.92�−3� 1.26�−1� 3d5/2 6f7/2 9598.3 3.44�6� 6.33�−2� 1.20�1�

3d5/2 7f7/2 8904.6 2.05�6� 3.25�−2� 5.72�0�
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provide recommended values for the E2 and E3 polarizabil-
ities. The scaling is expected to provide more accurate results
since the dominant contributions to the relevant matrix ele-
ments come from the single valence excitation coefficients.
Our recommended values for the quadrupole and octupole
polarizabilities are in agreement with values of Ref. �61�.

V. SCALAR AND TENSOR POLARIZABILITIES
OF THE 4p EXCITED STATES OF K

The scalar �0�v� and tensor �2�v� polarizabilities of an
excited state v of K are given by

�0�v� =
2

3�2jv + 1��nlj

��v	rC1	nlj��2

Enlj − Ev
, �2�

�2�v� = �− 1� jv
 40jv�2jv − 1�
3�jv + 1��2jv + 1��2jv + 3�

	 �
nlj

�− 1� j� jv 1 j

1 jv 2
� ��v	rC1	nlj��2

Enlj − Ev
. �3�

As before, our calculation of the sums is divided into
three parts. The first part is the sum over valence states with
n�26, which is carried out using SD wave functions. The
second part is the sum over basis states with n�26, which is
carried out in the DF approximation. The third part is the
contribution from core-excited states, which is carried out in
the random-phase approximation �RPA�.

A breakdown of contributions to the scalar dipole polar-
izability for the excited 4p1/2 and 4p3/2 states is presented in
Table VII. Contributions from the excited ns and nd states
with n�26 differ only by 0.001%. Contributions from ex-
cited ns and nd states n�26 are very small—�n�26�4p1/2�
=0.075a0

3, �n�26�4p3/2�=0.097a0
3—and are calculated in the

DF approximation. We evaluate the contribution from ionic
core �core in the RPA and find �core=5.457a0

3. A counter term
�vc�4pj� compensating for excitation from the core to the
valence shell which violates the Pauli principle is also evalu-
ated in the RPA and found to be �vc�4pj�=−0.000 15a0

3. The
above values were combined to obtain our final result for the
scalar polarizabilities of the first two excited states in K I:
�0

�SD��4p1/2�=604.1a0
3 and �0

�SD��4p3/2�=614.1a0
3.

We present details of our calculation of the tensor polar-
izability �2 of the 4p3/2 state in Table VIII. Reduced electric-

TABLE V. Lifetimes �in ns� of nlj states in neutral potassium.
The SD ���SD�� and SD scaled ���SDsc�� values are compared with
theoretical and experimental data.

Level ��DF� ��SD� ��SDsc� �expt �th

5s1/2 40.3 42.5 42.1 42.5 �3�
6s1/2 78.2 81.4 81.3 88�2 �25� 88 �25�
7s1/2 143.4 148.8 149.0 155�6 �25� 158 �25�
8s1/2 241.6 250.7 238�4 �25� 264 �25�
9s1/2 379.3 393.6 384�14 �25� 414 �25�
10s1/2 563.2 584.7 575�26 �25� 614 �25�
11s1/2 797.4 828.9 783�50 �25� 872 �25�
12s1/2 982.0 1034.6 1148�42 �25� 1191 �25�
4p1/2 21.7 26.8 26.69�0.05 �28� 26.8 �3�
4p3/2 21.5 26.5 26.34�0.05 �28� 26.5 �3�
5p1/2 116.2 137.1 137.2 137.6�1.3 �1� 127.06 �35�
5p3/2 113.6 133.9 134.0 134�2 �26� 124.02 �35�
6p1/2 295.0 340.7 342.2 344�3 �26� 321.67 �35�
6p3/2 287.7 332.0 333.8 333�3 �26� 312.77 �35�
7p1/2 589.3 648.6 649.3 623�6 �26� 619.80 �35�
7p3/2 573.9 632.0 633.2 592�6 �26� 601.80 �35�
8p1/2 1037.5 1077.2 1040.23 �35�
8p3/2 1009.2 1050.2 1010.51 �35�
9p1/2 1675.7 1652.0 1607.54 �35�
9p3/2 1628.3 1611.2 1561.31 �35�
10p1/2 2538.9 2397.6 2345.84 �35�
10p3/2 2464.8 2338.9 2279.41 �35�
11p1/2 3610.4 3293.8 3267.54 �35�
11p3/2 3501.0 3212.9 3173.43 �35�
12p1/2 4323.6 3791.2 4402.92 �35�
12p3/2 4178.8 3691.7 4279.78 �35�
3d3/2 35.7 41.9 41.5 42�3 �25� 39 �25�
3d5/2 36.2 42.5 42.0 45.85 �35�
4d3/2 218.7 289.4 287.9 285.86 �35�
4d5/2 223.9 293.9 292.5 291.18 �35�
5d3/2 732.7 653.1 658.4 572�14 �25� 579 �25�
5d5/2 751.5 650.8 656.5

6d3/2 1567.9 925.7 807�20 �25� 1085 �25�
6d5/2 1597.2 913.7

7d3/2 2605.3 1231.9 1201�26 �25� 1403 �25�
7d5/2 2633.1 1212.7

8d3/2 3820.2 1627.0 1533�80 �25� 1742 �25�
8d5/2 3838.0 1600.3

9d3/2 5239.7 2127.1 2000�140 �25� 2151 �25�
9d5/2 5242.7 2091.7

10d3/2 6491.1 2586.3 2268�146 �25� 2808 �25�
10d5/2 6474.6 2542.8

4f5/2 48.3 64.7 64.0 70.65 �35�
4f7/2 48.3 64.7 63.9 70.65 �35�
5f5/2 93.7 118.0 116.9 117�3 �2� 117�4 �2�
5f7/2 93.7 117.9 116.9

6f5/2 161.8 194.9 193.6 190�6 �2� 195�4 �2�

TABLE V. �Continued.�

Level ��DF� ��SD� ��SDsc� �expt �th

6f7/2 161.8 194.9 193.5

7f5/2 257.6 300.4 300�8 �2� 301�6 �2�
7f7/2 257.6 300.3

8f5/2 385.2 439.0 428�10 �2� 441�9 �2�
8f7/2 385.1 438.8

9f5/2 547.3 616.1 638.03 �35�
9f7/2 547.1 615.8 637.93 �35�

HIGH-ACCURACY CALCULATION OF ENERGIES, … PHYSICAL REVIEW A 78, 052504 �2008�

052504-7



dipole matrix elements evaluated in the SD approximation
are given in columns labeled . The corresponding contribu-
tions to the tensor polarizability are given in columns labeled
Inlj. The sum of contributions from the nd3/2 and ns1/2 inter-
mediate states is almost compensated for by the contribution
from the nd5/2 states. The resulting contribution to �2�4p3/2�
comes from states with n�26 and is equal to −107.9a0

3. Con-
tributions from states with n�26 give −0.005a0

3.
States with n�13 in our basis have positive energies and

provide a discrete representation of the continuum. We find
that the continuous part of spectra is responsible for 2% of
�2�4p3/2�. We evaluated the continuum contributions in the
range 14
n�26 using SD wave functions for dipole matrix
elements and energies. For n�13, we use SD matrix ele-
ments and NIST energies �46� in the sums. Our final result is
�2

�SD��4p3/2�=−107.9a0
3.

Our results for scalar and tensor polarizabilities of the 4pj
excited states of potassium are compared with calculations in

�30,39� and with experimental measurements reported by
Marrus and Yellin �12� in Table IX. The Bates-Damgaard
method was used by Schmieder et al. �30� and the time-
dependent gauge-invariant variational method was used by
Mérawa and Bégué �39�. The uncertainty in the experimental
measurement �12� of the scalar polarizability is too large to
reflect on the accuracy of the present calculations.

VI. HYPERFINE CONSTANTS FOR 39K

Calculations of hyperfine constants follow the pattern de-
scribed earlier for calculations of transition matrix elements.
We find that the triple excitations are important for the hy-
perfine constants, so we conduct another all-order calculation
with partial inclusion of the triple excitations; these results
are referred to as SDpT values. In Table X, we list hyperfine
constants A for 39K and compare our values with available
experimental data from Refs. �18,24,27,29�.

In this table, we present the lowest-order A�DF� and all-
order A�SD� values for the ns, np, and nd levels up to n=7.
The magnetic moment and nuclear spin of 39K used here are
taken from �64�. Our SDpT results are in very good agree-
ment with experimental results for the ns and np1/2 states
when experimental uncertainties are taken into account.

The correlation correction for the nd5/2 states is of the
same order of magnitude as the DF value and has an opposite
sign. With such large cancellations, it is difficult to calculate
A�nd5/2� accurately. It should be noted that only for the
A�6d5/2� value do we have perfect agreement with measure-
ments given in �24� when experimental uncertainties are
taken into account. Our SD results agree with experimental
measurements A�nd5/2� �27� for A�3d5/2�, however they dis-
agree with sign. The sign of A�5d5/2� in Ref. �18� is uncer-
tain. We did not find any experimental measurements for
A�4d5/2� hyperfine constant.

Finally, we would like to demonstrate very smooth depen-
dence of the A�SD��nlj� hyperfine constants from principal

TABLE VI. Contributions to multipole polarizabilities �a.u.� of the 4s state of potassium. The two leading
terms and those terms with n�26 in the expression for �v

Ek �Eq. �1�� are evaluated using SD wave functions.
The remainders �n�26�, labeled “tail” below, are evaluated in the DF approximation. Contributions from
core-excited states �c

Ek are evaluated in the random-phase approximation. Our final polarizabilities �E1, �E2,
and �E3 of the 4s ground state of K are compared with other calculations and with experiment. Scaled values
�SDsc� are included to provide recommended values for the E2 and E3 polarizabilities.

E1 polarizability E2 polarizability E3 polarizability

SD SD SDsc SD SDsc

nlj=4p1/2 94.6 nlj=3d3/2 1861 1904 nlj=4f5/2 32830 34429

nlj=4p3/2 188.3 nlj=3d5/2 2791 2857 nlj=4f7/2 43774 45906

nl= �5p-26p� 1.0 nl= �4d-26d� 241 241 nl= �5f-26f� 95077 96679

tail −0.1 tail 0 0 tail 12 12

�v
E1 283.8 �v

E2 4893 5002 �v
E3 171693 177026

�c
E1 5.5 �c

E2 16 16 �c
E3 110 110

Total �E1 289.3 Total �E2 4910 5018 Total �E3 171802 177136

Ref. �40� �theor.� 290.2�0.8 Ref. �61� �theor.� 5000�45 Ref. �61� �expt.� 177000

Ref. �16� �expt.� 292.8�6.1

Ref. �15� �expt.� 305.0�21.6

TABLE VII. Contributions to scalar polarizability of potassium
in the excited 4p1/2 and 4p3/2 states calculated with SD wave func-
tions; �0�4p1/2�=�n=3

70 I4p1/2
�nd3/2�+�n=1

70 I4p1/2
�ns1/2�, �0�4p3/2�

=�n=3
70 I4p3/2

�ndj�+�n=1
70 I4p3/2

�ns1/2�.

Contribution j=1 /2 j=3 /2

�n=3
26 I4pj

�SD��nd3/2� 549.80 55.69

�n=3
26 I4pj

�SD��nd5/2� 0 500.49

�n=1
26 I4pj

�SD��ns1/2� 48.75 52.36

�main
�SD��4pj� 598.55 608.54

�tail
�DF��4pj� 0.07 0.10

�core�4pj� 5.46 5.46

�vc�4pj� 0.00 0.00

��SD��4pj� 604.1 614.1

U. I. SAFRONOVA AND M. S. SAFRONOVA PHYSICAL REVIEW A 78, 052504 �2008�

052504-8



quantum number n. In Fig. 1, we present our A�SD��nlj� val-
ues for the ns1/2, np1/2, np3/2, nd3/2, and nd5/2 levels with n
=4–13. It should be noted that the values of A�SD��nd5/2� are
shown with opposite sign since we use a logarithmic scale.

VII. HYPERFINE-INDUCED TRANSITION
POLARIZABILITY OF THE 39K GROUND STATE

We now turn to the calculation of the quadratic Stark shift
of the ground-state hyperfine interval �F=2−F=1� in 39K.

The quadratic Stark shift is closely related to the blackbody
radiation shift discussed, for example, in Refs. �47,65�, and
our calculation follows the procedure outlined in �47�.

The dominant second-order contribution to the polariz-
ability difference between the two hyperfine components of
the 4s state cancels and, therefore, the Stark shift of the
hyperfine interval is governed by the third-order F-dependent
polarizability �F

�3��0�. The expression for the �F
�3��0� has been

given in �65�

�F
�3��0� =

1

3

�2I��2I + 1��2I + 2�� jv I F

I jv 1
�

	 gI�n�− 1�F+I+jv�2T + C + R� , �4�

where gI is the nuclear gyromagnetic ratio, �n is the nuclear
magneton equal to 0.392 465 8�B in 39K, I=3 /2 is the
nuclear spin, and jv=1 /2 is the total angular momentum of
the atomic ground state. The F-independent sums for T, C,
and R �
v��
4s1/2�� are given by Eqs. �5�–�7� by Beloy et al.
�65�.

TABLE VIII. Contributions to tensor polarizability of K in the excited state v=4p3/2 calculated using the
all-order SD method �2�4p3/2�=�n=3

70 I4p3/2
�ndj�+�n=1

70 I4p3/2
�ns1/2�. SD dipole matrix elements Zvn

= �v	rC1	nlj� are also given. All values are in a.u.

n Zvn Iv�nd3/2� n Zvn Iv�nd5/2� n Zvn Iv�ns1/2�

3d3/2 3.557 43.587 3d5/2 10.671 −98.097

4d3/2 0.040 0.003 4d5/2 0.118 −0.007 4s1/2 5.794 94.145

5d3/2 0.157 0.042 5d5/2 −0.473 −0.095 5s1/2 5.509 −139.076

6d3/2 0.159 0.040 6d5/2 −0.478 −0.090 6s1/2 1.279 −4.155

7d3/2 0.138 0.029 7d5/2 −0.416 −0.065 7s1/2 0.674 −0.965

8d3/2 0.118 0.020 8d5/2 0.355 −0.046 8s1/2 0.445 −0.386

9d3/2 0.101 0.015 9d5/2 −0.304 −0.033 9s1/2 0.326 −0.198

10d3/2 0.091 0.012 10d5/2 0.272 −0.026 10s1/2 0.254 −0.117

11d3/2 0.096 0.013 11d5/2 0.289 −0.029 11s1/2 0.206 −0.075

12d3/2 −0.109 0.016 12d5/2 0.326 −0.036 12s1/2 0.181 −0.057

13d3/2 0.119 0.019 13d5/2 0.359 −0.043 13s1/2 −0.190 −0.063

14d3/2 −0.118 0.018 14d5/2 0.377 −0.047 14s1/2 0.206 −0.072

15d3/2 −0.139 0.025 15d5/2 0.460 −0.068 15s1/2 −0.199 −0.066

16d3/2 −0.047 0.003 16d5/2 −0.247 −0.019 16s1/2 −0.170 −0.047

17d3/2 −0.238 0.070 17d5/2 −0.747 −0.170 17s1/2 −0.335 −0.181

18d3/2 −0.058 0.004 18d5/2 0.013 0.000 18s1/2 −0.006 0.000

19d3/2 0.316 0.113 19d5/2 0.982 −0.269 19s1/2 −0.509 −0.380

20d3/2 0.381 0.145 20d5/2 −1.155 −0.327 20s1/2 0.538 −0.350

21d3/2 0.306 0.078 21d5/2 −0.048 0.000 21s1/2 0.003 0.000

22d3/2 0.405 0.140 22d5/2 1.203 −0.298 22s1/2 −0.472 −0.202

23d3/2 0.374 0.096 23d5/2 −1.095 −0.200 23s1/2 −0.360 −0.081

24d3/2 −0.297 0.047 24d5/2 −0.853 −0.095 24s1/2 −0.251 −0.026

25d3/2 −0.198 0.016 25d5/2 −0.557 −0.031 25s1/2 0.179 −0.008

26d3/2 −0.104 0.003 26d5/2 −0.282 −0.006 26s1/2 0.070 −0.001

Sum 44.556 −100.097 −52.361

�n�26
�SD� �4p3/2�=−107.902

�n�26�4p3/2�=−0.005

��SD��4p3/2�=−107.907

TABLE IX. Scalar ��0� and tensor ��2� polarizabilities of the
excited 4p state in K I. The SD data are compared with theoretical
and experimental values. All values are in atomic units.

��SD� �theor �expt

�2�4p 2P3/2� −107.9 −96 �30�
�0�4p 2P1/2� 604.1 587�87� �12�
�0�4p 2P3/2� 614.1 635 �30� 613�103� �12�
�0�4p 2P� 610.8 697.4 �39�
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We note first that the values of T, C, and R in atomic units
are

2TDF = 8.7506 	 10−4, CDF = 5.6279 	 10−7,

RDF = 1.2095 	 10−3 �5�

in the DF approximation.
Since the value of CDF is smaller than the TDF and RDF by

three orders of magnitude, we did not recalculate the C term
in the SD approximation.

The expression for R is similar to the one for �E1�0�
�compare Eq. �1� and the expression for R in �65��. The
difference is an additional factor of the diagonal hyperfine
matrix element,

�4s1/2	T	4s1/2��SD� = 1.693 	 10−7 a.u.

We evaluate matrix elements �v	rC1	n� in the SD approxi-
mation for n�26. We use recommended NIST energies �46�
for n up to n=13 and SD energies for 14�n�26. The sum
of terms for n�26 is Rn�26=1.179	10−3. The remainder of
the sum, evaluated in the DF approximation, Rn�26=1.0
	10−10, is negligible.

The expression for T includes sums over two indices m
and n. To calculate the dominant part of T, we limit the sum
over m to six states �m=4p1/2, 4p3/2, 5p1/2, 5p3/2, 6p1/2, and
6p3/2� and sum over n up to n=26,

T m�3
n�26

= −
1

2 �
ns=5s

26s �ns	T�1�	4s�
�Ens − E4s�

	 � �4s	rC1	4p1/2��4p1/2	rC1	ns�
�E4p1/2

− E4s�

−
�4s	rC1	4p3/2��4p3/2	rC1	ns�

�E4p3/2
− E4s�

+
�4s	rC1	5p1/2��5p1/2	rC1	ns�

�E5p1/2
− E4s�

−
�4s	rC1	5p3/2��5p3/2	rC1	ns�

�E5p3/2
− E4s�

+
�4s	rC1	6p1/2��6p1/2	rC1	ns�

�E6p1/2
− E4s�

−
�4s	rC1	6p3/2��6p3/2	rC1	ns�

�E6p3/2
− E4s�

� . �6�

The sum of the six contributions from Eq. �6� is 9.307
	10−4. The ratios of contributions to the sum from the 4p to
5p states and 5p to 6p are equal to 46 and 5, respectively.
The relatively small remainder T−T

n�26
m�6 =−0.002 98	10−4

is evaluated in the DF approximation, leading to a final value
T�SD�=9.304	10−4. Combining these contributions, we ob-
tain

2TSD + CDF + RSD = 2.110 	 10−3 a.u. �7�

The F-dependent factor �see Eq. �4��
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FIG. 1. �Color online� Hyperfine constant A�SD��nlj� as a func-
tion of n.

TABLE X. Hyperfine constants A �in MHz� in 39K �I=3 /2, �
=0.391 465 8 �64��. The SD and SDpT �single-double all-order
method including partial triple excitations� data are compared with
experimental results.

Level A�DF� A�SD� A�SDpT� A�expt�

4s 2S1/2 146.91 237.40 228.57 230.8598601�3� �18�
4p 2P1/2 16.616 28.689 27.662 27.775�42� �29�
4p 2P3/2 3.233 6.213 5.989 6.093�25� �29�
3d 2D3/2 0.447 0.983 1.111 0.96�4� �27�
3d 2D5/2 0.192 −0.535 −0.639 0.62�4� �27�
4d 2D3/2 0.281 0.678

4d 2D5/2 0.120 −0.307

5s 2S1/2 38.877 56.102 54.817 55.50�60� �18�
5p 2P1/2 5.735 9.202 8.949 9.02�17� �18�
5p 2P3/2 1.117 1.988 1.932 1.969�13� �18�
5d 2D3/2 0.168 0.409 0.44�10� �18�
5d 2D5/2 0.072 −0.167 4�0.24�7� �18�
6s 2S1/2 15.759 22.025 21.609 21.81�18� �18�
6p 2P1/2 2.629 4.066 4.014 4.05�7� �18�
6p 2P3/2 0.512 0.874 0.866 0.886�8� �18�
6d 2D3/2 0.105 0.253 0.25�1� �24�
6d 2D5/2 0.0448 −0.0975 −0.12�4� �24�
7s 2S1/2 7.900 10.876 10.690 10.79�5� �18�
7p 2P1/2 1.417 2.191 2.140 2.18�5� �18�
7p 2P3/2 0.276 0.473 0.462 0.49�4� �18�
7d 2D3/2 0.0685 0.1644

7d 2D5/2 0.0293 −0.0611

8s 2S1/2 4.511 6.156 6.057 5.99�8� �18�
9s 2S1/2 2.814 3.818 3.759

10s 2S1/2 1.871 2.529 2.491 2.41�5� �18�
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A�F� =
gI�n

3

�2I��2I + 1��2I + 2� 	 � jv I F

I jv 1
��− 1�F+I+jv

is equal to −0.177 572 for F=1 and 0.106 543 for F=2. Us-
ing these values and the result from Eq. �7�, we obtain

�F=2
�3� �0� − �F=1

�3� �0� = 5.9960 	 10−4 a.u.

The Stark shift coefficient k defined as �
=kE2 is
k=− 1

2 ��F=2
�3� �0�−�F=1

�3� �0��. Converting from atomic units, we
obtain

k�SD� = − 2.9980 	 10−4 a.u. = − 7.4600 	 10−12 Hz/�V/m�2.

In the DF approximation �Eq. �5��, we find k�DF�=−7.3705
	10−12Hz / �V /m�2.

In Table XI, we compare our SD value of k with available
theoretical �31,32� and experimental �10,13� results. Our SD
result is in better agreement with the experimental measure-
ments than with theoretical results. It should be noted that
the perturbation theory was used in both papers �31,32�,
however electron correlations were not included, as was un-
derlined by �31�.

The relative blackbody radiative shift � is defined as

� = −
2

15

1


hf
����3T4�hf�4s1/2� , �8�

where 
hf is the 39K hyperfine �F=2 and 1� splitting equal to
461.719 720 2 MHz and T is a temperature equal to 300 K.

Using those factors, we can rewrite Eq. �8� as

� = − 1.865 	 10−11�hf�4s1/2� . �9�

Using the SD value for �hf�4s1/2�=5.996	10−4 a.u., we ob-
tain finally

��SD� = − 1.118 	 10−14. �10�

VIII. CONCLUSION

In summary, a systematic RMBPT study of the energies of
the ns1/2, npj, ndj, and nf j �n�6� states in neutral potassium
is presented. The energy values are in excellent agreement
with existing experimental data. A systematic relativistic
MBPT study of reduced matrix elements, oscillator
strengths, transition rates, and lifetimes for the first low-lying
levels up to n=7 is conducted. Electric-dipole �4s1/2-npj ,n
=4–26�, electric-quadrupole �4s1/2-ndj ,n=3–26�, and
electric-octupole �4s1/2-nf j ,n=4–26� matrix elements are
calculated to obtain the ground state E1, E2, and E3 static
polarizabilities. Scalar and tensor polarizabilities for the 4pj
excited state in K I are calculated including 4pj-ndj and
4pj-nsj matrix elements with high n up to n=26. All of the
above-mentioned matrix elements are determined using the
all-order method. Hyperfine A values are presented for the
first low-lying levels up to n=7. The quadratic Stark shift of
the ground-state hyperfine interval in 39K I is also evaluated.
These calculations provide a theoretical benchmark for com-
parison with experiment and theory.
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